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Abstract

Butcher forests extend naturally into aromatic and clumped forests and play a funda-
mental role in the numerical analysis of volume-preserving methods. The design of general
volume-preserving methods is a challenging open problem, and recent attempts showed
progress on specific dynamics. We introduce aromatic and clumped multi-indices, that are
algebraic objects that simplify the study of volume-preservation to the one-dimensional set-
ting, while retaining much of the structure (in stark opposition to standard multi-indices).
We provide their algebraic structure of pre-Lie-Rinehart algebra, Hopf algebroid, and Hopf
algebra, apply them in numerical analysis, and generalise to the aromatic context the Hopf
embedding from multi-indices to the BCK Hopf algebra.
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1 Introduction

While Butcher trees were introduced for the high order analysis of Runge-Kutta methods
[12, 20], aromatic trees are an extension that includes the use of specific graphs, in order to
represent terms such as the divergence operator. They play a crucial role in the study of
volume-preserving integrators [14, 21, 3] and are also studied for their fundamental algebraic
and geometric properties [35, 33, 2, 25, 24|, as well as for other applications, for instance in
stochastic numerics [4]. They were also recently extended for the study of volume-preserving
methods on manifolds [11] and yield important examples of post-Lie-Rinehart and post-Hopf
algebroid structures [10]. In particular, the standard Butcher forests and the aromatic forests
have Hopf algebra structures [15, 13, 2, 4], which play a role in the creation of numerical
methods, but were also used, for instance in renormalisation of QFT, or for the study of
singular SPDEs. We are especially interested in the Butcher-Connes-Kreimer Hopf algebra of
forests Hpcr and aromatic forests HE S, As the algebraic structure proves challenging, the
algebra of clumped forests H% . was later introduced in [4]. It was observed in [3] that for
specific vector fields, several degeneracies occur with aromatic trees and simpler formalisms
would help understand the full picture. In numerics, multi-indices correspond to the case of
dimension one, while Butcher trees correspond to the infinite dimensional case. Unfortunately,
the problem of volume preservation becomes trivial when rewritten with mult-indices. We
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present in this paper a new non-trivial algebraic object based on multi-indices allowing to
represent Taylor expansions for the study of volume-preservation. This is a first step toward
the characterisation of volume-preserving methods in any dimension. We also mention that
the question of exact volume-preservation for numerical integrators recently regained interest
through its generalisation to the stochastic context. In this setting, it is shown in [23, 4] that
the design of methods for sampling exactly the invariant distribution of ergodic stochastic
dynamics requires a deep understanding of so-called exotic aromatic B-series [26]. The use of
multi-indices structures is a first step toward the design of such discretisations, with numerous
application in stochastic optimisation, molecular dynamics, and machine learning.

The Hopf algebra of multi-indices Hyor is introduced in the work [31] for the study of
rough PDEs with regularity structures. The algebra was then further studied and extended
in a variety of works including [30, 5, 22, 29, 9, 6, 7]. From the numerical analysis viewpoint,
multi-indices exactly correspond to the one-dimensional case: they identify the degeneracies
of Butcher trees for ODEs in dimension one. Multi-indices thus serve as a toy model for
tackling challenging numerical problems, before working on trees. We mention that there are
no natural combinatorial structures between multi-indices and trees for representing ODEs
in fixed dimension d > 1, as pointed out in [8]. It is shown in [38] that there exists a
natural injective embedding j that sends the Hopf algebra of multi-indices Hror to the Hopf
algebra of trees Hpcor. The present paper introduces new spaces of multi-indices analogous
to aromatic and clumped forests, mimicking the concepts of numerical analysis. We present
their Hopf algebra and pre-Lie-Rinehart algebra structures. Moreover, we show that there
are Hopf embeddings 7%7° and j between the new multi-indices spaces and the aromatic and
clumped forests, of which we give an overview in the following diagram.
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The paper is organised in the following way. Section 2 presents a concise review of the
algebraic structures based on aromatic trees in numerical analysis. Section 3 presents the main
results of this paper: we introduce the new aromatic and clumped multi-indices, provide their
algebraic structure, show the Hopf embeddings between multi-indices and Butcher forests,

and show how aromatic multi-indices apply in geometric numerical integration. The proofs
are presented in Section 4 and rely on an aromatic extension of the Novikov algebra.

2 Preliminaries on aromatic and clumped Butcher forests

This section is devoted to a concise overview of aromatic and clumped forests and their
algebraic structures, as uncovered in [18, 2, 4]. We shall introduce the aromatic extensions of
multi-indices by mimicking the aromatic and clumped forests in Section 3.

2.1 The pre-Lie-Rinehart algebra of aromatic trees

Let C be a finite set, whose elements are called decorations (or colours in numerical analysis).
We focus on trees with only one decoration for the examples for the sake of simplicity, but



also as this is the case of major interest in numerics.

Definition 2.1. An aromatic tree is a directed graph (V, E) with vertices V and edges E C
V x V', where each vertex has exactly one outgoing edge, except one vertex called the root, that
has none. The connected component with the root is called a tree, and the other connected
components are called aromas. The empty aroma is denoted as 1. A multiset of aromas is
called a multiaroma. The vertices are decorated by elements of C, that is, we attach to each
aromatic tree a map d: V — C, often omitted in the notation for the sake of clarity. We write
T the vector space of trees, Ay the space of aromas, A = S(Ag) the space of multiaromas,
understood as the symmetric algebra over aromas, and AT = A® T the vector space of
aromatic trees. These spaces are naturally graded by the number of vertices, called the order
of an aromatic tree m and denoted |r|.

We draw aromatic trees as follows. Aromas are drawn in an arbitrary order on the left of
the tree. By definition, each aroma has exactly one cycle, also called K-loop in [21], that is,
a finite set of vertices vy, ..., vk such that there is an edge going from v to vs,..., vx to vi.
Thus, any aroma can be written as a tuple of trees (t1,...,t,) with cyclic invariance. The
orientation of the edges goes from top to bottom and in clockwise order for cycles. We find

in particular
A ¥ (21)

An aroma can also be described as a tuple of trees with cyclic invariance, obtained by removing
the edges in the cycle of the aroma (see [11]). For instance, the aroma in (2.1) is equivalently

represented by
(07 I; V)O = (Iv Va O)O = (V7 ® I)O

The elements of order up to four of AT (with one decoration only) are

1o, tw e bl e ool % Y o ol

ov. &1 o1 00t é e T e T T T <

For clarity, we use the notation in bold a for describing multiaromas and a for aromas.
Detailed combinatorics with aromatic trees are presented in [25].

We added aromas to the standard pre-Lie structure of Butcher trees and can now wonder
which structure it yields on AT.

Definition 2.2. The grafting product ~: T x A — A and —~: T x T — T are defined by
grafting the root of the first input to the nodes of the second input, summing over all vertices.
Then, the grafting product extends to aromatic trees —~: AT x AT — AT by

(CL17‘1) — (CLQTQ) = (11@2(7’1 —~ TQ) + a1(7'1 =l (ZQ)TQ.

The divergence d: AT — A adds an edge going from the root to a node, summing over all
vertices.

For instance, we find

©1~61:©6Q+©é%+®g1+©l1, 1(ED)) by enesaach

The aromatic trees naturally have a structure of pre-Lie-Rinehart algebra.



Definition 2.3. Let K be a field, R be a unital commutative K-algebra, and L be a R-module,
equipped with a R-linear map p, called the anchor map, and a map V:

p:L— Derg(R,R), V:L— End(L,L).

Then, L is a pre-Lie-Rinehart algebra if, with the notation X >Y := VxY and [X,Y] =
XY -Yp>X,:

e (L,|—,—]) is a Lie algebra over K,

e The anchor map p is a homomorphism of Lie algebras,

o The Leibniz rule holds: for f € R and X,Y € L, [X, fY] = (p(X)fY) + f[X,Y],
e (L,>) is a pre-Lie algebra: for X,Y,Z € L, one has

XY 2)-XY)pZ=Y>(Xp>2Z)-(Y>X)>Z

Proposition 2.4 ([18]). The A-module AT is a pre-Lie-Rinehart algebra when equipped with
the maps
p(r)(@a) =7 —~a, Vynm=m —~mn.

Given a vertex v of an aromatic tree 7 € AT, let 6, € End(AT') be the map that grafts the
root of an aromatic tree on v. For any choice of a vertex v in a rooted tree ¢, we represent
dy(t) by attaching a free edge (indicated by a leaf ,) to v. The space of aromatic trees with
a free edge is denoted AT*. Then, the trace t: AT* — A links the root to the free edge. In

particular, we find
(¥ —odd

The divergence then satisfies d = ¢t o 0, where 6 =’ §,. Equipped with the trace, aromatic
trees satisfy a universal algebraic property: the aromatic trees (AT, —,t) over the R-algebra
A are the free tracial pre-Lie-Rinehart algebra (see [18] for details). We mention that aromatic
structures have been extended to the post-Lie context in [11, 37] and yield the free tracial
post-Lie-Rinehart algebra.

2.2 Hopf structure of aromatic and clumped forests

In numerical analysis, Butcher trees represent vector fields and symmetric concatenation of
trees, called forests, represent differential operators. The different Hopf algebra structures on
Butcher forests yield important numerical results. For the analysis of splitting methods, the
simpler Hopf algebras of words is used [1], while for Runge-Kutta methods, Hopf algebras of
forests are the natural approach [13, 33]. There are two main possibilities to build forests
from aromatic trees: aromatic forests are the ones that appear in the Taylor expansions of
numerical integrators, and clumped forests have a simpler algebraic structure that is useful
for the formulation of backward error analysis. We refer to [2, 4] for the details.

Definition 2.5. The A-module AF = A® S(T) is the space of aromatic forests and CF =
S(AT) is the (symmetric) algebra of clumped forests. They are graded by the number of nodes.
The empty multiaroma and the empty forest are written with the same notation 1.



We use the same notation - for all products between aromas and trees and omit it when
the context is clear. We emphasize that this product is commutative. We will use parenthesis
to represent clumped forests:

od.tear, 8ot 001&heer

Let the symmetry coefficient of an aromatic forest w € AF be the size of the automorphism
group of the associated graph, where we recall that the automorphism group of a directed
graph (V) E) is the set of permutations g: V' — V satisfying (g x ¢)(F) = E. The symmetry
coefficient on CF is induced from the definition on AT by

O‘((alTl)Tl L. (anTn)rn) — o_ezt((alTl)rl L. (anTn)rn)O_mt((alTl)n L. (an,rn)rn)’
with the external and internal symmetry factors:

c®t((atrh .. (@) ™) = Ly,

O,int((alTl)rl . (anTn)rn) — O'(alTl)rl . O'(anTn)T".

We find
o(éI) =1, oY) =4, OO, =2

We observe that o(ar) = o(a)o(7) for a € A, 7 € T, but we emphasize that o(a) is not the
product of the symmetry coefficients of each aroma in a. Let the projection ¢¥: CF — AF be
given by

Y: (alrth) .. (@™ e CF s al.a™rl L e AF.

Note that AF cannot be injected straightforwardly to CF as the multiaromas alone A do not
appear in CF. Let the inner product (mj,m2) = o(m1)1r,=x, and the associated dual map of

.
Pt AF = CF, (h(m), ma) = (1, 7 ().

For instance, we find

w*(oo I) = (Oo) I+o (OI)

The pre-Lie grafting product —~ extends to AF and CF by the standard Guin-Oudom
procedure [36]. The Grossman-Larson product x is implicitly defined on both clumped and
aromatic forests by

(7r1 *7T2) &g = T (7T2 ) 7T3).

Then, AF is equipped with the coproduct Aam = Aa-Am, where we use the standard deshuffle
coproduct on the symmetric algebras A = S(A%) and S(T). We find for instance:

Aoé.lz <o&®1+o®&+&®0+1®o&-(.I®1+.®I+I®.+1®.I>.

On clumped forests, we consider the standard coproduct A on the symmetric algebras C.F:

AGY OG0 Ghe110.001:dle0. 1100, O

We naturally obtain Hopf algebra structures, but also Hopf algebroid structures for the aro-
matic forests (that are out of the scope of the present paper, see [32, 34]).



Proposition 2.6. The spaces (AF,-,A), (AF,*,A), (CF,-,A), and (CF,*,A) are Hopf
algebras.

Let us extend the celebrated Butcher-Connes-Kreimer coproduct [15, 16] to AF and CF.

Definition 2.7. An admissible cut ¢ of a tree 7 € T is a possibly empty subset of the edges
of T where any path from the root to a leaf of x has at most one cut. An admissible cut of
an aroma a = (11,...,7x) € A%, written as a tuple with cyclic invariance, is the union of
admissible cuts of the 1. In other words, an admissible cut of an aroma cannot cut the edges
in the cycle. If ¢ is admissible, the connected components obtained by removing the edges in ¢
are collected in R°(x) that contains the root or the cycle, and P¢(z) for the other components.

Definition 2.8. The Butcher-Connes-Kreimer coproduct on A and T is defined by the ex-
traction contraction formula

Borr =21+ Z P¢(z) ® R(x),
ceAdm(x)

The coproduct is extended into ABl: AF — AF @ AF as a morphism:

aro 1

aro 1 m,__1 n aro 1 aro aro n
BOKT - ABOKT"-

— m
BCKG’ e @ T T = BCKQ BCKa .

On clumped forests, the clumped BCK coproduct is defined for ar,ayri,...,a,m € AT by
Aot = (W*®1) 0 AR (1), Afox(ain) - (ann) = Afogaim - AfcganTn.

Example 2.9. Consider the aromatic tree T = O& o then the associated BCK coproduct is

“BTgKOg).z (O®1+10)- (&@1 +.00+ 1@&)) (e ®1+1®.).

From the clumped forest perspective, we remove the terms with aromas alone:

ACE@CKO&. = O&.@l +0.90.+.000,+ 1®O&..

A more involved example is detailed in Table 1 and further examples are presented in the
appendices of [2, 4].
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Table 1: Admissible cuts and related maps for an aroma.
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Theorem 2.10 ([2, 4]). The space (AF,-, ABSx) is a Hopf algebra and is isomorphic (up to
the symmetry coefficient) to the dual of the Grossman-Larson Hopf algebra (AF,*, A), with
A the standard deshuffle coproduct. Analogously, the space (CF, -, ACBlCK) is a Hopf algebra
and is isomorphic (up to the symmetry coefficient) to the dual of the Grossman-Larson Hopf
algebra (CF,*, A).



Remark 2.11. More generally, the aromatic/clumped forests can be equipped with a structure
of pre-Hopf algebroid/algebra [{]. We mention that planar extensions of these objects exist
and yield post-Hopf algebroid/algebra [28, 10, 11].

Remark 2.12. The BCK structure allows to formulate the composition of differential opera-
tors given by a Taylor expansion (more precisely, by S-series). The product dual to the BCK
coproduct is called the composition law and appears in the order analysis of numerical integra-
tors of Runge-Kutta type. This approach generalises to aromatic B-series methods [35, 2, 25]
with the Hopf structures of aromatic and clumped forests.

3 Aromatic and clumped multi-indices

In this section, we introduce the new objects of aromatic and clumped multi-indices, gener-
alising [27, 31], and we present the main results of this paper. More precisely, we uncover
the pre-Lie-Rinehart and Hopf algebraic structures of the new multi-indices and derive Hopf
embeddings from mutiindices to their tree counterparts, generalising [38].

3.1 The free aromatic Novikov algebra

A Novikov algebra is a vector space N over a base field K, together with a bilinear product
>: N x N — N such that, for any z,y, z € N, the following identities hold:

x> (y>z2z)—(z>y)>z=y> (z>2)—(y>x) > 2, (3.1)
(z>y)>z=(x>2)>y.

The equation (3.1) is the pre-Lie identity, while the equation (3.2) is the right-NAP identity
(for non associative permutative). We denote the free Novikov algebra generated by the set C
by N(C). This is described as follows: let N(C) be the commutative algebra of polynomials
with variables z7, (a,j) € C x {—1,0,1,2,---}, let d be the unique derivation of N(C) such
that dz§ = 2. ,.

A basis of N(C) is given by the monomials

o= T @,

j=—1,aeC

and the weight of zX is defined as

wt(zX) = Z Jk§
aeC,j<—1
where the exponents kj are non-negative integers, and all terms of the product vanish except

a finite number of them. The weight induces a unique Z-grading of the algebra N(C), for
which the derivation ¢ is homogeneous of degree one. The derivation ¢ satisfies

ok = Z k;;.‘g;k*ej e (3.3)
j=—1,aeC

where e} is the multi-index whose entries are all zero except for a single non-zero entry in

position (j,a). In other words, 7% = x? Let M,, be the monoid of weight n and the bilinear
product P> @Q: = P-0Q. Then (M_4,1>) is a pre-Lie algebra.



In the spirit of aromatic trees, we construct the aromatic Novikov algebra by AM 1 :=
S(My) ® M_1, where S(V) denotes the symmetric tensorial algebra. Aromas are in M),
multiaromas in S(My), and M_; represents the analogue of trees. The multi-indices analogues
of aromatic and clumped forests are AM = S(My) ® S(M_1) and CM = S(AM_;). For the
sake of simplicity, we use the same notation ® for the products in S(Myp), in S(M_;), and
in AM. Moreover, the unit of all symmetric tensorial algebras is denoted as 1. The product
of the symmetric algebra CM = S(AM_1) is denoted by ¢. Aromatic monomials AM are
spanned by elements of the form

Kt @@z @xkl @---@xkn, = My, 2% e M_y.
On the other hand, clumped monomials are spanned by elements of the form

(y1®:17k1)<>---<>(y”®:vkn), y' e S(My), a:kieM,l.

The weight is defined on aromatic monomials by
1 1 m . n
wt(z™ ©--- Oz 0K ©--- @.I‘kn) = Z wt(:c”z) + Z wt(:nk
i=1 ‘
and is then extended on clumped monomials by
1 - ; i
wi((y' @a*) oo (y' @) = Y wi(y' ©a¥).
i=1
Note that the weight on monomials in AM_; is —1 as expected. The symmetry factor on

AM is given by,

n

a((:c“l)@ql ®- 0 @)% O (z k1)®p1 OO (X)) H I(k71)4 H pil (K.

=1
Then, we have on clumped monomials
U((y1®$kl)op10"'0(yn®$ Opn sz|0 y @:L' )
i=1
The degree of an element of AM is
1 1 ks ;
deg(xli @...@xmn@xk @@1; 2 +Z Z kz‘,a7
i=1aeC,j= 1=1aeC,j=-1

and analogously on CM. The pairing on AM (respectively CM) is given by
<M, M,> = O'(M)]IM:MI,

where we use the symmetry coefficient on AM (respectively CM).

Let us now extend the product t>. The bilinear product >: AM 1 x M, for n = —1,0
is defined by (y @ 2¥) > P = y ® (z¥ - P). Then, > extends on S(My) and AM_; by the
Leibniz rule:

(y1®xk)l>(x”l®---®a:”m) = 2y1®x“®---®($kl D:E”j)(D---(Dx”m

=1



' o) > 32 0dX) =y 0@ &y 0 +y 0y? 0 (@ &)

As > is defined as a derivation, the aromatic Novikov algebra (AM_1,>) naturally satisfies
the identities (3.1) and (3.2), and thus is a pre-Lie algebra. More precisely, we show that the
aromatic Novikov algebra AM 1 is equipped with a pre-Lie-Rinehart algebra structure.

Proposition 3.1. The aromatic Novikov algebra AM_1 = S(My)Q®M_1 is a pre-Lie-Rinehart
algebra for the product
AMfl X .AMfl i AM,1
' 0y ed) — (o) e (o)
and the induced maps:

VvV .AM,1 —> Homk(.AM,l,AMl)
Yo - (20K - (y o) > (y201X))

p: AM_1 — Den(S(Mp), S(Mp))
y @xkl . (y2 N (yl @xkl) > y2)

where the space Den(S(My), S(My)) collects all the derivation maps on S(My) and AM_1 is
a Lie algebra for the Lie bracket [z,y]| =z >y —y> x.

Proof. Let us check that the map p satisfies the Leibniz rule: for y' ® $k1, y? Ok € AM 4
and y € S(Mp), we have

[y' 0, yoy? 0=y 0> yoy?0d) - (yoy? o) e (y' o)
—y0y' 0 0y*0:°) -y0y* 02X 0dy' )
+y e oy oy o
=yo [y 0,y 0+ piy' 02X y)y* @2

One shows similarly that [—, —] is a Lie bracket. a

Remark 3.2. Following [19], the product > can be seen as a connection on AM_; with
vanishing torsion and curvature. The multiaromas represent the functions, while the aromatic
Novikov algebra contains the analogues of vector fields.

3.2 The Hopf algebras of aromatic and clumped monomials

Our aim is to extend the LOT Hopf algebra [31, 38] to the aromatic monomials. We recall that
the standard LOT Hopf algebra generated by a set C' is HS 5y = (S(N(C)),*,A,1, e)o, that
is, the graded dual of the Hopf algebra (S(N(C)),*, A, 1,€), equipped with the Grossman-
Larson product * and the deshuffle coproduct A. This structure is analogous to the BCK
Hopf algebra of Butcher trees [15] for multi-indices. We extend here the LOT structure to
the aromatic context.

We provide a definition of the aromatic LOT coproduct using free edges and cuts in Section
4. We will then provide a straightforward explicit formula for the coproduct, that we give
here directly for the sake of simplicity. The proof of this theorem is postponed to Section 4.3.



Theorem 3.3. The aromatic LOT coproduct AVSy : AM_y — AM @ AM_; is the unique
unital morphism defined by

Tor(y ©@ %) = AfSr (™) © - © AL (a™™) © AL () (3-4)

wherey = 2" @ --- @ x"™, the coproduct on aromas My and monomials M_1 is

/i! 1 — =
ror(z Z 2 ) P OO0 Iz +1"®1,
>0 o ,{+v+,{t+ga($ OOz )FR!
wt(z"'l):—l
aro k! k! k" Ak k
ror(x Z Z =7 OOz I +r°®1,

k! K"\
_ol(x O xXk!
r20 k=Kl 4.tk +k (@¥ ©---02)

wt(:cki):—l
and 0 is explictly given in Proposition 4.4.
Let us consider the projection ¢ : CM — AM, defined by
p:(y o) ooy O ) e Moy O 0y 0K O 0K € AM.

Since the multi-aromas alone S(My) do not appear in CM, the algebra AM does not inject
straightforwardly into CM. Let ¢* : AM — CM be the dual of ¢ for the inner product
(=, =), that is,

(p(M), M) = (M, *(M')).
The LOT coproduct on aromatic monomials extends straightforwardly as a morphism for ¢ as
AYSr: CM — AMCM. Then, the LOT coproduct on clumped monomials is for 7, € CM:

Afor = (p* @ 1) 0 AYSy.

The LOT structures on aromatic and clumped monomials yield analogous Hopf structures
to the ones of aromatic forests AF and clumped forests CF. The proof is analogous to the
one on tree structures from [4].

Proposition 3.4. The aromatic multi-indices (AM,©, AYSy) and the clumped multi-indices
(CM, 0, A%IOT) equipped with the LOT coproduct are Hopf algebras.

3.3 Hopf embedding between multi-indices and forests

In this section, we present the main result of this paper, that is, that there exist Hopf embed-
dings j97° and j from aromatic/clumped monomials into their trees counterpart.
The Hopf embeddings are based on the fertility map ®, which is defined as follows.

Definition 3.5. Let the fertility map ® be given by
O:AF - AM
al-d"t- )OO 8(a") ©B(t)

N d(v)
= [T «56) v ®@)= [T o5}

veV(t) veV (ad)
and d(v) and f(v) are the colour and the fertility of the vertex v. The fertility map ® is
defined on CF as a morphism:

o((alrh) - (@) = o(alr!) o -+ 0 (a"7").

where

10



Theorem 3.6. The fertility map induces a pre-Lie-Rinehart morphism ® : AT — AM ;.

Proof. By construction, the map ® : (AT, —~) — (AM_1,>) is a pre-Lie algebra morphism.

Then, the map & satisfies
d([a't!, aa’t?]) = d(a't! ~ aa’t? —aa’t? ~ altl)

d(a'th) > (B(a)®(a’t?)) — d(a)d(a’t?) > d(a't!)

d(a)[@(a't!), ®(a’t?)] + p(@(a't!))(P(a))P(a®t?)).

Hence the result. o

Definition 3.7. Let j%° be the dual map to ® on My and M_1, that is,

(®(a), 2"y = {a, j*(x")), {(B(t),x*) = {t, 7" (z")).
We extend j*°: AM — AF as a morphism

1

jaro(xﬁl ®--- @Q}Hm @xkl o--- ®$k") _ jCLT’O(xI{ ) . _jaTO(xﬂm)jaTO(xkl) . _j(LT'O(l,k")‘
The analogue je: CM — CF on clumped monomials is
JUY @) ooy @) = j7o(y @) - Ty @),

The following formula is deduced straightforwardly from the definition. Note that it does
not extend in general to AM.

o

Lemma 3.8. The maps j° satisfies

a(ayean (@) B(t)—ak o(t)
For example, one finds:

-aro

0 (wor—1) =1, j(@% 1) =N, G2 wor) = 2\} +Y,

and for aromas,
gz 2320) = Qg—i-llg, j(z?i2}) = 484— 2g .

Definition 3.9. The symmetry factor of aroma forest is the cardinal of its automorphism
group, then for multi-aromas a = (a) )1 ®---©(a™)®, where a', ..., a" are pairwise distinct
aromas, the symmetry factor can be expressed by its distinct aroma components

o(a) = 1! -fn!g(al)fl .. U(an)fn’

here the symmetry factor o(a) is obtained by external symmetry factor o¢t(a) := {1!---£,!
by the internal symmetry factor o™ (a) = o(a" ) ---o(a™), futhermore for an element
ar € AF witha = (@)1 @ ---© (@) and 7 = (tH)O1 @ --- © (™). The external
symmetry factor is o¢“(at) = £1!---Lplq1! - - qn! and internal symmetry factor o™ (ar) =
olaHo - g(a®) o (tHa ... g (™),

11



The maps j%° and j¢ are Hopf embeddings from the multi-indices algebras to their tree

counterparts, as shown in the following result, whose proof is postponed to Section 4.

Theorem 3.10. The map j%° (respectively j°) yields the following Hopf algebroid embedding
(respectively Hopf algebra embedding):

jaro: %TOOT = (AM7'7 %TOOT) - HaBTCO'K = (Af_‘a'? ng'K)?
i HEor = (CM, 'vA%lOT) — Hbox = (CF,-, A%CK)-

In addition, the following diagram commutes.

3.4 Aromatic multi-indices for numerical volume-preservation

The design of numerical integrators that preserve volume is strongly linked to the character-
isation of the kernel of the divergence map Ker(d) on aromatic trees AT (see Definition 2.2)
via backward error analysis [20]. The characterisation of Ker(d) is described in [25, 24, 17]
with the so-called aromatic bicomplex. The resulting conditions for volume-preservation are
numerous and challenging, so that one would be interested in a simpler case to find insight
on the form of a volume-preserving aromatic B-series method. For instance, the paper [3]
focuses on polynomial vector fields. One could tackle the problem in dimension one, which
would yield (standard) multi-indices, but numerical volume-preservation becomes a trivial
problem and so does the algebra. We also recall the result from [8] that states that there
is no intermediate algebraic formalism between multi-indices (one dimensional) and Butcher
trees (infinite dimensional). We observe in this subsection that aromatic multi-indices pro-
vide an intermediate between multi-indices and aromatic trees for formulating a simplified
but non-trivial set of necessary conditions for volume-preservation.

Definition 3.11. Let the divergence of multi-indices d: AM 1 — A be given by
cl(au"””1 @---@x“mka) =" 02" ®ark + 2:6“1 @---@(xkbx“i)G)---@:U“m.
i=1

The divergence on aromatic trees and aromatic multi-indices relate through the fertility
map, as given by the following result whose proof is very similar to the one of Proposition
4.8.

Lemma 3.12. The divergence and the fertility map commute:
do® =Pod.

The search for volume-preserving integrators in dimension one not only is a trivial problem
in numerics, but also fully trivialises the algebraic conditions for volume-preservation, as
explained in the following result.

12



Proposition 3.13. Let m: AM 1 — M 4 be the projection
77(33"”1 @@z @xk) e L S
Then, the kernel of the divergence is trivial when rewritten with standard multi-indices:
o ®(Ker(d)) = 0.

Proof. Following [25], Ker(d) is exactly generated by the elements of the following form (id
est, the exterior derivative of aromatic 2-forms ar; A 72),

w = ((7’2 —~a)Ty — (11—~ a)Tg) + a<72 —~ T — (dn)m) — a(n Ty — (dTg)n).

The map 7 o ® vanishes on each of the three terms in w. o

The space of aromatic multi-indices brings an intermediate object which is simpler than
aromatic trees and where much of the conditions for volume-preservation are retained. A
weaker formulation of volume preservation then is to find numerical methods whose modified
vector field writes as a formal series indexed by w € AT (or its completion to be exact)
and such that ®(w) € Ker(d). We present the first generators of Ker(d) for aromatic trees
and aromatic multi-indices in Table 2 in order to show how richer the structure of aromatic
multi-indices is compared to standard multi-indices. We emphasize that & is not injective
on Ker(d), so that one would indeed obtain less restrictive conditions for volume-preservation
using aromatic multi-indices.

w € Ker(d) O (w)

é).+®.—V—OI T Oz + 23 Qr_y — 2% 11 — 20 O T_170

é.—l—d.—i—@. 256,19603:1@56,14-3:%@:6,1
—'\(I—Y—OI —2:62_1xoa:1 — x()@x_la:%
8, + Qd. + Y m%lxz Or 1+ 2x 12001 O T

_2’\}_'\1/'_0’\[ —z% 2011 — 22 1709 — 0 O 2% 11

O&.—FO@.—Fé. roOr_121 O T_1 —i—x[)@x%@a?_l +r_ 12001 ©®T_1
OV -001 - 61 —20 Q%11 — 20 QT O T_170 — T_171 O T_1T0

Table 2: Generators of the kernel of the divergence map in the context of aromatic trees and their
associated aromatic multi-indices for order up to four.

4 Free edges, graftings, cuts, and Hopf embeddings

This section defines the necessary concepts (free edges, graftings,...) and use them for prov-
ing the Hopf embeddings of Theorem 3.3 and the explicit description of the aromatic LOT
coproduct.

13



4.1 Free edges and extended maps

Let us extend the aromatic trees and aromatic multi-indices to include free edges and higher
weight.

Definition 4.1. Let Ag and T be the spaces of aromas and trees with free edges given by

where Aén) and T™ are the spaces of aromas with n free edges and space of rooted trees with
n free edges. Then we define the space of aromatic trees with free edges by

AT = S(A)) @T.

The weight is extended as the total number of the edges minus the number of vertices for
tree-like structures. Analogously, let the aromatic multi-indices with higher weight,

7 oo . o
M—l = @ ng)a MO = @ M(gn)a
n=0 n=0

where MIS”) ~ My is the space of weight n + p with respect to the original space M, and
p=0,1. Furthermore, we define the aromatic Novikov algebra with higher weight:

AM_| = S(My) @ M_,.

Example 4.2. The monomials x3zs € My and x3wy € M 1 respectively correspond to the
following aroma and tree with free edges:

¥

We emphasize that the monomials are enforced to be different as they belong to two different
spaces.

As 0: M,, » M1, the derivation induces naturally the maps

0: Mg — My, 0: M_1— M_q.
The derivation ¢ is extended on AM_; as a derivation:
1 U 1 j 1
ozt @0z Ok = Zx” O 0" OO OK+2" OO0z ©drk.
j=1
Analogously to (3.3), let the transpose derivation on M,,:

ok = Z k;-lxkfe?Jre?—l.

j=0,aeC

While 0 increases the weight, 0 decreases it. We extend 0 to My, M_;, and AM_; as before.

14



Proposition 4.3. The transpose derivation ¢ is the transpose of the derivation 0, that is, for
P,Qe My or P,QQe M 1,
(0P, Q) = (P,0Q).
Proof. We already have the result on M_; from [38]. Then, for z#, 2" € My, we have
@ut,a”y = 3 piet e at)
t=0,aeC

— a0 ol a
= Z 1y V']l(u—et +eg  =v)
t=0,aeC

— a
- Z (l/ t e )!ﬂ(u—e?+eg+1=u)'
t=0,aeC

On the other hand, we find

<xll7 gxu> = Z Z/f<m“, xyieg+€?71>

t=1,aeC
_ ar,, _ a a N
- Z Vi (1/ € + et—l)']l(l/—e‘tl+e?71=u)
t=1,aeC
_ a
= Z (V + et—l)!ﬂ(y—e?-‘re;ﬁl:u)'
t=1,aeC
Hence the result. o

An explicit expression for the iterated transpose derivation is given by the following result.

Proposition 4.4. For any multi-indices k,k, denote their corresponding left-shifted multi-

indices by (’27 k with coordinates k¢ := K¢ ;. For any integer r = 0, the following formula
holds
gT(y ®© xk) = Z C,.i1751 cee Cﬁn’gncklxﬁlizhrgl -G x“n*ZnJrgn 0) xk*er ¢ 7

[e1 |+ [e7 [+ €] =r

where y = z™ ©---©z"™ and the coefficient Ci 4i, Cx ¢ are given by Cio = Cxo = 0 for
1 <i < n and the recursive formula below:

Cxyr = Z Cxp—eo (ki — b + 1+ 47 1)
t>—1,aeC 6, >1
Crigi = Chigi—en (K0* — L + 1+ 05%)
KL kY0 —ef Ny 14 t'+1

t’)O,aeC’/i,)l
Proof. The definition of ¢ immediately yields
a 2,0
Ck’eg = kta Cﬁi,e?, = Ry -

‘We therefore obtain

—

—=r—+1 k = 1_(1, le n_[n, en/ k—/¢ <
0 (y@aX) =0 Z Coa gt Ca g Ciega®™ 4 @ @ 2" +H oy gkt
[V [ |0 =r

15



R E i,a i’ a
= ) SO T O OO (58 + L — 0%
OV et |07 4|0 | =r £ 8, =4

. ./ Ni «— «—
o xnur(ez +eta,) —( +e‘;,) O ®Chn gnx“n%nﬁn o JUk—£+ ¢
1_p1 (_1 n__pm TL
Cl 1__‘0’{”[”1,& Z-i—é @@l,f‘é +E
k10 s

|V || | 0| = € e =E
/ / ay _ (p! a
@Ck’g/(k? + £?+1 _ gta)kar(f +ef) —('+ef
1 E—Zl
= > Cpa pz® * O @ Cli pies (K + Ly — 6 + 1)

|[EH [+ |+l =r+1 (07 ¢ a) 07 +ef, =t

—

i é‘—éb n é_n_en k —
oY Al O @ Cunmz"™ ™ O Ci gzt *

191,91 n__gnm
+ 2 Z CH17Z1 . Cnn7enxl€/ 044 @ e @ ‘,EKZ 40
|14+ |07 | +|€|=r+1 (¢ t,a) 0/ +eF =L

® ij,eg (ki + E?-l-l — 0} + 1)ﬂfk+ ¢t
Hence the result. o

The following result is a universal combinatorial property applied in our context of multi-
indices and tree-like structures.

Proposition 4.5. Let M = M; o---o M, € CM and F € CF such that ®(F) = M. Let B be
the set of r-tuples of aromatic trees given by

B:= {(le... ,7—7‘)77—1"'7_7’ =T and <I>(M]) =T for anyj: 1, ’7«}.

Then, one finds

|B| 3 ert(M)

- o—ewt(F) )
Proof. The external automorphism group of M acts transitively on B. The stabiliser of the
r-tuple (¢1,--- ,t,) is the external automorphism group of the forest F'. One concludes by the
orbit-stabiliser theorem. o

Let § : CF — CF be given by

Sar) = > dy(ar),

veV(ar)

where §, adds a free edge to vertex v. Analogously, let § be

o(ar) = Z 0y (ar).

veV (at)

where 9, removes a free edge at vertex v, and returns zero if v has no free edge.

16



Definition 4.6. Let ® be the extension of the fertility map ® on AF defined as
¢ : AF > AM

al--a"t > ®(al) O - ©P(a™) © (%)
where
Hld) — d(v)
H 93 (v) o () = H Tpy-1-
veV (1) veV (a?)

Analogously, formula (3.5) allows to extend the map j*° into

70 : AM — AF,

where the pairing is extended naturally to AF, where the symmetry factor of aromatic forest
with free edges is the symmetry factor of the corresponding C x Ny decorated aromatic forest.

Example 4.7. One finds

jo(x3) = 6(%+ 6g+ 62 . Jo(xdny) = 38+ 6<:f)+ Gg/,
5(&) =3 @((g) = zoxs, @(g) = 231, 5(&) = ToT1X0.

Proposition 4.8. The map § is the transpose of 8, that is, for 71,72 € Ag or 74,72 €T,
ot %y = (L 6r?).
Moreover, 0 and & satisfy the following identity on Ag and T :
Pod=000.
Proof. Choosing a vertex v (resp. w) in an aroma a (resp. b), and considering the sets
— Ve V(a),du(a) = b}, Q= {we V(b),Tu(b) = a},
we find by the orbit-stabiliser theorem
P ~ Aut(a)/Aut’(a), Q =~ Aut(b)/Aut®(b).

where v (resp. w) is any choice of element in P (resp. @), and where Aut¥(a) is the stabiliser
of v in Aut(a) (and similarly for @). If two trees a and b are such that b = d,(a) for some
v € V(a), then both sets of vertices V(a) and V(b) can be naturally identified. In that case,
from the natural isomorphism Aut’(a) ~ Aut’(b), we obtain

a(b)|P] = o(a)|Q].
We therefore have
(ba,b) = |P|o(b)

= |Qlo(a)
= {a, 6b).

which proves the first assertion on Ag. The proof is similar on 7. o
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The transpose of the fertility identity in Proposition 4.8 yields the following.
Corollary 4.9. The following identity holds on My and M_q:

§ 0 jaT0 = jaro o g,

Proposition 4.10. let at be an aroma tree with r free edges. Let r, be the number of the
free edges at the vertex v of ar. Then we have
I
3 (at) = S L aoTo,

HveV(aT) ro!
where agTy s the aromatic tree with all free edges removed. For aromas only, one finds

7!

’ (a) B HveV(a) !

ag.
Proof. We have
§ (at) = Oy, 0+ -+ 00y, (aT).

(v1,...,0r)EV(aT)"

A term in the right-hand side is equal to ag if and only if each vertex v € V(at) appears
exactly r, times in the tuple (v1,...,v,), otherwise the term is equal to zero. The number of
such r-tuples is equal to the multi-monomial coefficient above. o

For any admissible cut ¢ of an aromatic tree ar € AT, let R.(at) be the associated full
trunk, which is given by the trunk R.(a7) together with each cut edges replaced by a free
edge. The weight of the full trunk is equal to the number of edges belonging to the cut. In
view of Proposition 4.10, we have

r!

8 (R'(ar)) = |a7| R(ar), [a7] := [pR——
veV(aT)' V"

(4.1)

where @7 is the shorthand for R (ar).

4.2 Combinatorics of the graftings and cuts

Definition 4.11. Let r be a positive integer, let A be an aromatic forest with r connected
components without free edges, and let @ be an aromatic tree with r free edges. A grafting of
A on a consists in a a given way to attach the r roots in A to the r free edges in @, removing
the free edges in the operation. The set of all possible graftings of A on a is denoted G(A,a)
and satisfies

G(A, @) = [al. (4.2)

For a vertex v € V(a) and a grafting b € G(A,a), we denote by Fy(v) the subforest of A
attached to v via b.

Examples of admissible cuts are presented below. It should be noted that an admissible
cut for aroma cannot cut loops:

oY % odd
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The associated main component with free edges are

N e R T )

For the choices of admissible cuts and graftings on rooted part, we have the following
result, adapted from [38] for aromas.

Proposition 4.12. Let r be a positive integer, let A and @ as in Definition /.11 and let at be
an aromatic tree without free edges. Let G(a, A, @) be the set of graftings of A on @ resulting in
the tree a. Let C(a, A, @) be the set of admissible cuts of a such that P¢(a) = A and R°(a) = a.
Then, one has
o(a)

o(A)o(a)
Proof. The group Aut a acts transitively on C(a, A, @). The stabiliser of a cut ¢ will be denoted
by Aut.ar and its cardinal by o.(a). On the other hand, the group Aut @ x Aut A acts
transitively on G(a, A,a@). To see this, consider two graftings b, b’ € G(a, A,a): there exists a
permutation a of V(@) such that Fy(z) and Fy (a(z)) are isomorphic, and the permutation «
necessarily comes from an automorphism of the tree a. The stabiliser of b is Auty @ x Auty A,
where Aut, @ is the subgroup of those a € Aut @ such that Fy(a(z)) and Fy(z) are isomorphic
for any vertex z of @, and where Auty A = [] ¢ g Auty(z) is the subgroup Aut A which
respects the subforests Fj(z). By the orbit-stabiliser theorem, we therefore have

Cla, A@)| _ o(a) |Auty(@)].| Auty(A)]
G(a, A;@)] [ Autc(a)] o(A)o(a)

IC(a, A,a)| = G(a, A, @)|.

We conclude by noticing the natural isomorphism Aut.(a) ~ Auty(@) x Auty(A). o

4.3 The aromatic LOT coproduct

Let us provide an alternative definition of the aromatic LOT coproduct and show that is it
equivalent to the one given in Theorem 3.3.

Definition 4.13. An admissible cut ¢ of a monomial x" € My is a tuple of the form
(k',...,Kk",R) that satisfies

k=K' +- +K +F wt(@¥)=-1

Analogously, an admissible cut c of a monomial X € M_1 is a tuple of the form (k',... k", k)
that satisfies _
k=k'+-- + kK +k, wt(")=-1

We associate to an admissible cut on My the following maps (and analogously on M_1),

=7

Pe(a") = OITRIOY Al R°(z") = 0 2",
The LOT coproduct is given on My and M_1 by

Tor@) =2"@1+ Y PR, AfSp() = Y P @R(X).
ceAdm(zr) ce Adm(zk)

Then, AVSp : AM_1 - AM® AM_; is defined by (3.4).
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Example 4.14. One finds for the monomial 2% 2% that

aror(zt2?) =22 123 @1+ 1Q@2% 27 + 22 1 @ d(z_12%) + 202 121 ® Oy
=2
+x_1-2 1 ®0 (22)
=22 B2 ®1+1®2% 23 + 4z ®@z_1xo71 + 222 121 @ 20

+2x 12 1 Qr 1x1+2x 11 ® z%

Let us denote by |c| the set of admissible cuts ¢’ such that P¢(zF ® z¥) = P (2" © z¥)
(and therefore R®(z" ® z%) = R® (2" ® 2¥)), and by |/c| the cardinal of this class. We have

k! k!
E!U(I’Hl - @mﬂ) ) HU(Xk1 ©--- @xkt)
K! k!
Rrll- o mrloeet(pht @ @ R kK1l S ktlgert (gt O ... @ xk")

el

whenever PC(Q:”@:UI‘) — g ooy @xkl o -@xkt, where 0% is the external symmetry
factor. In analogy with trees, the full trunk is defined by
Ec(ar:N 0 J:k) =27 O 2.

Definition 4.15. Let ¢ be an admissible cut of the monomial x* © wk, and let ¢ be an
admissible cut of aroma tree at. We say that ¢ matches ¢ and write ¢ ~ ¢ whenever

o 2" QK = d(a)®(7),
o P°(z" ©2%) = ®(P°(ar))
An admissible cut ¢ matches ¢ if and only if it matches any element ¢’ € |c|.

Note that the second condition implies R°(z* ® 2X) = ®(R"(ar)). Therefore, we have
Pe(z" ® 2%) = ®(P°(ar)) = ®(P%a))®(P(1)) = Px") ® P¢(z¥), and analogously for
R°(2" ®2%). Then, Theorem 3.3 is a straightforward consequence of the following lemma.

Lemma 4.16. For any monomial z* ® ¥ in HESr and for any admissible cut ¢ of x* Ok,
the following holds:

o(zf © 2¥)

o(ar)

el (j@j) (PC (" Oa*)@RS (2" @a*)) = 2.

at,®(at)=x"@rk ccAdm(at),c~c

P(aT)®RC(aT).

(4.3)

Proof. Fix an admissible cut ¢ of the monomial z". Denoting the left-hand side and the
right-hand side of (4.3) by £ and R respectively. A computation yields

K! 1

EZ51!...,4’!%!0-61‘15(%51@n_@x,{r)](‘r )](«T )®joa(.’lf )
1d®s" r! - o
B ( ® )</{1! ...ﬁrlglgext(xﬁl - "@ZCKT)'?( ) j(l’ )®](l’ ))

(from Corollary 4.9)
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K! < K
= Id ®6
e o e WO | 2 2 e s e

,,,,,,

= k1(1d@4") > > Y

A7¢(A)=zﬁl®...®xnr a,o(a)=z" O—(A)U(a)

From equations (4.1) and (4.2) and Proposition 4.12, we obtain

L=r > > |a|U(A)10(a)A ®ao

A,®(A) =z ©--Qar" @,P(@)=2"

= ! 2 2 |g(A’a)|)A®ao

A,0(A)=ar' @--@ar" @,0(a)=aF
G(a, A @),
a,P(a)=z" A,CD(A):xnl@...@x,{r a,0(a) ="

Cla,A,a _
= g! Z Z 2 7| (0<a) )|A®GO

a,2(a)=2" A $(A)=z+' @z~ T,P(@)=a"
k! . .
— Z @ Z P¢(a) ® R(a)
a,P(a)=z"* ceAdm(a),c~c
=R.

We obtain the expression of A¥§, on My and M_;. Then, as the coproduct AYS, is a
morphism for ®, we have

(J ®1)(ALSr(z" O ))Z(j®j)( T (™) © AYSr(25))
757 (7 (27) © ATS (7(25)).

This yields the identity (4.3). o

Let us now study the links between j¢ and j%° to prove Theorem 3.10.

*aro

Lemma 4.17. The maps j¢ and j° satisfy the identity

j 0(70 =¢*Oja7"0

Proof. We choose any element y(®z = 5 o --Oz" @xkl OERIOY = Y57 it can also be
Written asyQ®z = y1 ®---Oy" @xkl ®-- -kan, here we should note that y = y1 OREONE
and y 1 <4 < n which satisfies ®(r’) = y*, where we write multi-aromas by r’ and aromas
by r*. Then, a computation yields

w*ojaro(}’@Z) :T/J*O]aro( Kl@---@lﬁm@xld@---@:vkn)




.....

. . 1
_ w*( Z O.emt(yl)o.mt(yl) I.l o O.emt(yn)o.mt(yn)rn . O'(ij )7_1 N O_(xkn)Tn)
i 2 Uemt(rl)aznt(rl) O-ext(rn)o-int(rn) 0-(7-1) U(Tn)
T, n, \T)1,...,
&(rt)=y?,&(r))= a.kj
1 n
_ oy @) 4 4 om0 .
- 3 3 (B 2L iy (B2 ) gy
: . . o(rlrl) o(rnTm)
(r)1,..., n ("1, n,("])l ,,,,, n
@(rl)...q>(rn):ylo...oyn d)(ri‘rj):yiOmkj
1 n
_ o(y' @) 4 4 o(y"@z") ., ,
- 3 3 (B 2L iy (B 2L )
, o(rirl) o(rnrn)
(1, n, I, (t1,...n
B(ri 7—]) yZsz] q:(rl)---@(r”):yIO---Oy”
. 1 n
= j( > (y' 0af)o o (y"©2""))
D1,
d)(rl)---CI)(rn):ylo---Oyn
:jdo@*(yl@...@y"@xkl @...@xk")
= j% 0" (y ©2)
Hence the result. o

Proof of the embeddings of Theorem 3.10. By applying Lemma 4.16 and summing over all

classes |c| of admissible cuts ¢ of the monomial 2% ® ¥, the coproduct A¥S;. verifies on AM:

(777 @ %) 0 Ay = A o 5
This implies that on AM_1, we have
(G @i 0 Afor = (j" ®) o (p* ®1) 0 ALSy
= (@*@1)o (" ®j) 0 ATSy
= @*®@1)o (j*° ®j‘"0) ToT
= @W*®1) 0 ARG 0 j*"
ABCK © ]

where we used that j%° and j° coincide on AM_; and Lemma 4.17. o
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