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Abstract

Butcher forests extend naturally into aromatic and clumped forests and play a funda-
mental role in the numerical analysis of volume-preserving methods. The design of general
volume-preserving methods is a challenging open problem, and recent attempts showed
progress on specific dynamics. We introduce aromatic and clumped multi-indices, that are
algebraic objects that simplify the study of volume-preservation to the one-dimensional set-
ting, while retaining much of the structure (in stark opposition to standard multi-indices).
We provide their algebraic structure of pre-Lie-Rinehart algebra, Hopf algebroid, and Hopf
algebra, apply them in numerical analysis, and generalise to the aromatic context the Hopf
embedding from multi-indices to the BCK Hopf algebra.
Keywords: multi-indices, aromatic trees, Novikov algebra, pre-Lie-Rinehart algebra, Hopf
algebroid, Hopf algebra, geometric numerical integration, Butcher series.
AMS subject classification (2020): 16T05, 37M15, 05C05, 16T30, 17A30.

1 Introduction
While Butcher trees were introduced for the high order analysis of Runge-Kutta methods
[12, 20], aromatic trees are an extension that includes the use of specific graphs, in order to
represent terms such as the divergence operator. They play a crucial role in the study of
volume-preserving integrators [14, 21, 3] and are also studied for their fundamental algebraic
and geometric properties [35, 33, 2, 25, 24], as well as for other applications, for instance in
stochastic numerics [4]. They were also recently extended for the study of volume-preserving
methods on manifolds [11] and yield important examples of post-Lie-Rinehart and post-Hopf
algebroid structures [10]. In particular, the standard Butcher forests and the aromatic forests
have Hopf algebra structures [15, 13, 2, 4], which play a role in the creation of numerical
methods, but were also used, for instance in renormalisation of QFT, or for the study of
singular SPDEs. We are especially interested in the Butcher-Connes-Kreimer Hopf algebra of
forests HBCK and aromatic forests Haro

BCK . As the algebraic structure proves challenging, the
algebra of clumped forests Hcl

BCK was later introduced in [4]. It was observed in [3] that for
specific vector fields, several degeneracies occur with aromatic trees and simpler formalisms
would help understand the full picture. In numerics, multi-indices correspond to the case of
dimension one, while Butcher trees correspond to the infinite dimensional case. Unfortunately,
the problem of volume preservation becomes trivial when rewritten with mult-indices. We
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present in this paper a new non-trivial algebraic object based on multi-indices allowing to
represent Taylor expansions for the study of volume-preservation. This is a first step toward
the characterisation of volume-preserving methods in any dimension. We also mention that
the question of exact volume-preservation for numerical integrators recently regained interest
through its generalisation to the stochastic context. In this setting, it is shown in [23, 4] that
the design of methods for sampling exactly the invariant distribution of ergodic stochastic
dynamics requires a deep understanding of so-called exotic aromatic B-series [26]. The use of
multi-indices structures is a first step toward the design of such discretisations, with numerous
application in stochastic optimisation, molecular dynamics, and machine learning.

The Hopf algebra of multi-indices HLOT is introduced in the work [31] for the study of
rough PDEs with regularity structures. The algebra was then further studied and extended
in a variety of works including [30, 5, 22, 29, 9, 6, 7]. From the numerical analysis viewpoint,
multi-indices exactly correspond to the one-dimensional case: they identify the degeneracies
of Butcher trees for ODEs in dimension one. Multi-indices thus serve as a toy model for
tackling challenging numerical problems, before working on trees. We mention that there are
no natural combinatorial structures between multi-indices and trees for representing ODEs
in fixed dimension d ¡ 1, as pointed out in [8]. It is shown in [38] that there exists a
natural injective embedding j that sends the Hopf algebra of multi-indices HLOT to the Hopf
algebra of trees HBCK . The present paper introduces new spaces of multi-indices analogous
to aromatic and clumped forests, mimicking the concepts of numerical analysis. We present
their Hopf algebra and pre-Lie-Rinehart algebra structures. Moreover, we show that there
are Hopf embeddings jaro and jcl between the new multi-indices spaces and the aromatic and
clumped forests, of which we give an overview in the following diagram.

Haro
LOT Haro

BCK

HLOT HBCK

Hcl
LOT Hcl

BCK

jaro

φ� ψ�
j

jcl

The paper is organised in the following way. Section 2 presents a concise review of the
algebraic structures based on aromatic trees in numerical analysis. Section 3 presents the main
results of this paper: we introduce the new aromatic and clumped multi-indices, provide their
algebraic structure, show the Hopf embeddings between multi-indices and Butcher forests,
and show how aromatic multi-indices apply in geometric numerical integration. The proofs
are presented in Section 4 and rely on an aromatic extension of the Novikov algebra.

2 Preliminaries on aromatic and clumped Butcher forests
This section is devoted to a concise overview of aromatic and clumped forests and their
algebraic structures, as uncovered in [18, 2, 4]. We shall introduce the aromatic extensions of
multi-indices by mimicking the aromatic and clumped forests in Section 3.

2.1 The pre-Lie-Rinehart algebra of aromatic trees

Let C be a finite set, whose elements are called decorations (or colours in numerical analysis).
We focus on trees with only one decoration for the examples for the sake of simplicity, but
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also as this is the case of major interest in numerics.
Definition 2.1. An aromatic tree is a directed graph pV,Eq with vertices V and edges E �
V �V , where each vertex has exactly one outgoing edge, except one vertex called the root, that
has none. The connected component with the root is called a tree, and the other connected
components are called aromas. The empty aroma is denoted as 1. A multiset of aromas is
called a multiaroma. The vertices are decorated by elements of C, that is, we attach to each
aromatic tree a map d : V Ñ C, often omitted in the notation for the sake of clarity. We write
T the vector space of trees, A0 the space of aromas, A � SpA0q the space of multiaromas,
understood as the symmetric algebra over aromas, and AT � A b T the vector space of
aromatic trees. These spaces are naturally graded by the number of vertices, called the order
of an aromatic tree π and denoted |π|.

We draw aromatic trees as follows. Aromas are drawn in an arbitrary order on the left of
the tree. By definition, each aroma has exactly one cycle, also called K-loop in [21], that is,
a finite set of vertices v1, . . . , vK such that there is an edge going from v1 to v2,. . . , vK to v1.
Thus, any aroma can be written as a tuple of trees pt1, . . . , tnq with cyclic invariance. The
orientation of the edges goes from top to bottom and in clockwise order for cycles. We find
in particular

� � . (2.1)
An aroma can also be described as a tuple of trees with cyclic invariance, obtained by removing
the edges in the cycle of the aroma (see [11]). For instance, the aroma in (2.1) is equivalently
represented by

p , , qö � p , , qö � p , , qö.

The elements of order up to four of AT (with one decoration only) are

, , , , , , , , , , , , , ,

, , , , , , , , , , .

For clarity, we use the notation in bold a for describing multiaromas and a for aromas.
Detailed combinatorics with aromatic trees are presented in [25].

We added aromas to the standard pre-Lie structure of Butcher trees and can now wonder
which structure it yields on AT .
Definition 2.2. The grafting product ñ : T � A Ñ A and ñ : T � T Ñ T are defined by
grafting the root of the first input to the nodes of the second input, summing over all vertices.
Then, the grafting product extends to aromatic trees ñ : AT � AT Ñ AT by

pa1τ1qñ pa2τ2q � a1a2pτ1 ñ τ2q � a1pτ1 ñ a2qτ2.

The divergence d : AT Ñ A adds an edge going from the root to a node, summing over all
vertices.

For instance, we find

ñ � � � � , d
� �

� � � 2 .

The aromatic trees naturally have a structure of pre-Lie-Rinehart algebra.
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Definition 2.3. Let K be a field, R be a unital commutative K-algebra, and L be a R-module,
equipped with a R-linear map ρ, called the anchor map, and a map ∇:

ρ : LÑ DerKpR,Rq, ∇ : LÑ EndkpL,Lq.

Then, L is a pre-Lie-Rinehart algebra if, with the notation X ▷ Y :� ∇XY and rX,Y s �
X ▷ Y � Y ▷X,:

• pL, r�,�sq is a Lie algebra over K,

• The anchor map ρ is a homomorphism of Lie algebras,

• The Leibniz rule holds: for f P R and X,Y P L, rX, fY s �
�
ρpXqfY

�
� f rX,Y s,

• pL,�q is a pre-Lie algebra: for X,Y, Z P L, one has

X ▷ pY ▷ Zq � pX ▷ Y q▷ Z � Y ▷ pX ▷ Zq � pY ▷Xq▷ Z.

Proposition 2.4 ([18]). The A-module AT is a pre-Lie-Rinehart algebra when equipped with
the maps

ρpτqpaq � τ ñ a, ∇τ1τ2 � τ1 ñ τ2.

Given a vertex v of an aromatic tree τ P AT , let δv P EndpAT q be the map that grafts the
root of an aromatic tree on v. For any choice of a vertex v in a rooted tree t, we represent
δvptq by attaching a free edge (indicated by a leaf �) to v. The space of aromatic trees with
a free edge is denoted AT�. Then, the trace t : AT� Ñ A links the root to the free edge. In
particular, we find

tp

�

q � .

The divergence then satisfies d � t � δ, where δ �
°
v δv. Equipped with the trace, aromatic

trees satisfy a universal algebraic property: the aromatic trees pAT,ñ, tq over the R-algebra
A are the free tracial pre-Lie-Rinehart algebra (see [18] for details). We mention that aromatic
structures have been extended to the post-Lie context in [11, 37] and yield the free tracial
post-Lie-Rinehart algebra.

2.2 Hopf structure of aromatic and clumped forests

In numerical analysis, Butcher trees represent vector fields and symmetric concatenation of
trees, called forests, represent differential operators. The different Hopf algebra structures on
Butcher forests yield important numerical results. For the analysis of splitting methods, the
simpler Hopf algebras of words is used [1], while for Runge-Kutta methods, Hopf algebras of
forests are the natural approach [13, 33]. There are two main possibilities to build forests
from aromatic trees: aromatic forests are the ones that appear in the Taylor expansions of
numerical integrators, and clumped forests have a simpler algebraic structure that is useful
for the formulation of backward error analysis. We refer to [2, 4] for the details.

Definition 2.5. The A-module AF � A b SpT q is the space of aromatic forests and CF �
SpAT q is the (symmetric) algebra of clumped forests. They are graded by the number of nodes.
The empty multiaroma and the empty forest are written with the same notation 1.
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We use the same notation � for all products between aromas and trees and omit it when
the context is clear. We emphasize that this product is commutative. We will use parenthesis
to represent clumped forests:

P AF , p q � p q p q P CF .

Let the symmetry coefficient of an aromatic forest π P AF be the size of the automorphism
group of the associated graph, where we recall that the automorphism group of a directed
graph pV,Eq is the set of permutations g : V Ñ V satisfying pg � gqpEq � E. The symmetry
coefficient on CF is induced from the definition on AT by

σppa1τ1qr1 � � � panτnqrnq � σextppa1τ1qr1 � � � panτnqrnqσintppa1τ1qr1 � � � panτnqrnq,

with the external and internal symmetry factors:

σextppa1τ1qr1 � � � panτnqrnq � r1! � � � rn!,
σintppa1τ1qr1 � � � panτnqrnq � σpa1τ1qr1 � � �σpanτnqrn .

We find
σp q � 1, σp q � 4, σp q � 2.

We observe that σpaτq � σpaqσpτq for a P A, τ P T , but we emphasize that σpaq is not the
product of the symmetry coefficients of each aroma in a. Let the projection ψ : CF Ñ AF be
given by

ψ : pa1τ1q . . . pamτmq P CF ÞÑ a1 . . .amτ1 . . . τm P AF .

Note that AF cannot be injected straightforwardly to CF as the multiaromas alone A do not
appear in CF . Let the inner product xπ1, π2y � σpπ1q1π1�π2 and the associated dual map of
ψ:

ψ� : AF Ñ CF , xψpπ1q, π2y � xπ1, ψ
�pπ2qy.

For instance, we find
ψ�p q � p q � p q.

The pre-Lie grafting product ñ extends to AF and CF by the standard Guin-Oudom
procedure [36]. The Grossman-Larson product � is implicitly defined on both clumped and
aromatic forests by

pπ1 � π2qñ π3 � π1 ñ pπ2 ñ π3q.

Then, AF is equipped with the coproduct ∆aπ � ∆a�∆π, where we use the standard deshuffle
coproduct on the symmetric algebras A � SpA0q and SpT q. We find for instance:

∆ � p b 1 � b � b � 1 b q � p b 1 � b � b � 1 b q.

On clumped forests, we consider the standard coproduct ∆ on the symmetric algebras CF :

∆p q � p q � p q � p q b 1 � b � b � 1 b p q � p q.

We naturally obtain Hopf algebra structures, but also Hopf algebroid structures for the aro-
matic forests (that are out of the scope of the present paper, see [32, 34]).

5



Proposition 2.6. The spaces pAF , �,∆q, pAF , �,∆q, pCF , �,∆q, and pCF , �,∆q are Hopf
algebras.

Let us extend the celebrated Butcher-Connes-Kreimer coproduct [15, 16] to AF and CF .

Definition 2.7. An admissible cut c of a tree τ P T is a possibly empty subset of the edges
of τ where any path from the root to a leaf of x has at most one cut. An admissible cut of
an aroma a � pτ1, . . . , τKq P A

0, written as a tuple with cyclic invariance, is the union of
admissible cuts of the τk. In other words, an admissible cut of an aroma cannot cut the edges
in the cycle. If c is admissible, the connected components obtained by removing the edges in c
are collected in Rcpxq that contains the root or the cycle, and P cpxq for the other components.

Definition 2.8. The Butcher-Connes-Kreimer coproduct on A0 and T is defined by the ex-
traction contraction formula

∆aro
BCKx � xb 1 �

¸
cPAdmpxq

P cpxq bRcpxq,

The coproduct is extended into ∆aro
BCK : AF Ñ AF b AF as a morphism:

∆aro
BCKa

1 � � � amτ1 � � � τn � ∆aro
BCKa

1 � � �∆aro
BCKa

m � ∆aro
BCKτ

1 � � �∆aro
BCKτ

n.

On clumped forests, the clumped BCK coproduct is defined for aτ,a1τ1, . . . ,anτn P AT by

∆cl
BCKτ � pψ� b 1q � ∆aro

BCKpτq, ∆cl
BCKpa1τ1q � � � panτnq � ∆cl

BCKa1τ1 � � �∆cl
BCKanτn.

Example 2.9. Consider the aromatic tree τ � , then the associated BCK coproduct is

∆aro
BCK � pp b 1 � 1 b q � p b 1 � b � 1 b qq � p b 1 � 1 b q.

From the clumped forest perspective, we remove the terms with aromas alone:

∆cl
BCK � b 1 � b � b � 1 b .

A more involved example is detailed in Table 1 and further examples are presented in the
appendices of [2, 4].

Cut c
Pcpτq 1

Rcpτq

Table 1: Admissible cuts and related maps for an aroma.

Theorem 2.10 ([2, 4]). The space pAF , �,∆aro
BCKq is a Hopf algebra and is isomorphic (up to

the symmetry coefficient) to the dual of the Grossman-Larson Hopf algebra pAF , �,∆q, with
∆ the standard deshuffle coproduct. Analogously, the space pCF , �,∆cl

BCKq is a Hopf algebra
and is isomorphic (up to the symmetry coefficient) to the dual of the Grossman-Larson Hopf
algebra pCF , �,∆q.
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Remark 2.11. More generally, the aromatic/clumped forests can be equipped with a structure
of pre-Hopf algebroid/algebra [4]. We mention that planar extensions of these objects exist
and yield post-Hopf algebroid/algebra [28, 10, 11].

Remark 2.12. The BCK structure allows to formulate the composition of differential opera-
tors given by a Taylor expansion (more precisely, by S-series). The product dual to the BCK
coproduct is called the composition law and appears in the order analysis of numerical integra-
tors of Runge-Kutta type. This approach generalises to aromatic B-series methods [35, 2, 25]
with the Hopf structures of aromatic and clumped forests.

3 Aromatic and clumped multi-indices
In this section, we introduce the new objects of aromatic and clumped multi-indices, gener-
alising [27, 31], and we present the main results of this paper. More precisely, we uncover
the pre-Lie-Rinehart and Hopf algebraic structures of the new multi-indices and derive Hopf
embeddings from mutiindices to their tree counterparts, generalising [38].

3.1 The free aromatic Novikov algebra

A Novikov algebra is a vector space N over a base field K, together with a bilinear product
▷ : N �N Ñ N such that, for any x, y, z P N , the following identities hold:

x▷ py ▷ zq � px▷ yq▷ z � y ▷ px▷ zq � py ▷ xq▷ z, (3.1)
px▷ yq▷ z � px▷ zq▷ y. (3.2)

The equation (3.1) is the pre-Lie identity, while the equation (3.2) is the right-NAP identity
(for non associative permutative). We denote the free Novikov algebra generated by the set C
by NpCq. This is described as follows: let NpCq be the commutative algebra of polynomials
with variables xaj , pa, jq P C � t�1, 0, 1, 2, � � � u, let B be the unique derivation of NpCq such
that Bxaj � xaj�1.

A basis of NpCq is given by the monomials

xk : �
¹

j¥�1,aPC
pxaj q

ka
j ,

and the weight of xk is defined as

wtpxkq �
¸

aPC,j¤�1
jkaj

where the exponents kaj are non-negative integers, and all terms of the product vanish except
a finite number of them. The weight induces a unique Z-grading of the algebra NpCq, for
which the derivation B is homogeneous of degree one. The derivation B satisfies

Bxk �
¸

j¥�1,aPC
kaj x

k�ea
j�ea

j�1 (3.3)

where eaj is the multi-index whose entries are all zero except for a single non-zero entry in
position pj, aq. In other words, xea

j � xaj . Let Mn be the monoid of weight n and the bilinear
product P ▷Q : � P � BQ. Then pM�1,▷q is a pre-Lie algebra.
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In the spirit of aromatic trees, we construct the aromatic Novikov algebra by AM�1 :�
SpM0q b M�1, where SpV q denotes the symmetric tensorial algebra. Aromas are in M0,
multiaromas in SpM0q, and M�1 represents the analogue of trees. The multi-indices analogues
of aromatic and clumped forests are AM � SpM0q b SpM�1q and CM � SpAM�1q. For the
sake of simplicity, we use the same notation d for the products in SpM0q, in SpM�1q, and
in AM. Moreover, the unit of all symmetric tensorial algebras is denoted as 1. The product
of the symmetric algebra CM � SpAM�1q is denoted by �. Aromatic monomials AM are
spanned by elements of the form

xκ
1
d � � � d xκ

m
d xk1

d � � � d xkn
, xκ

i
PM0, xki

PM�1.

On the other hand, clumped monomials are spanned by elements of the form

py1 d xk1
q � � � � � pyn d xkn

q, yi P SpM0q, xki
PM�1.

The weight is defined on aromatic monomials by

wtpxκ1
d � � � d xκ

m
d xk1

d � � � d xkn
q �

m̧

i�1
wtpxκi

q �
ņ

i�1
wtpxki

q,

and is then extended on clumped monomials by

wtppy1 d xk1
q � � � � � pyn d xkn

qq �
ņ

i�1
wtpyi d xki

q.

Note that the weight on monomials in AM�1 is �1 as expected. The symmetry factor on
AM is given by,

σppxκ
1
qdq1 d � � � d pxκ

m
qdqm d pxk1

qdp1 d � � � d pxkn
qdpnq �

m¹
j�1

qj !pκj !qqj

n¹
i�1

pi!pki!qpi .

Then, we have on clumped monomials

σppy1 d xk1
q�p1 � � � � � pyn d xkn

q�pnq �
n¹
i�1

pi!σpyi d xki
qpi .

The degree of an element of AM is

degpxκ1
d � � � d xκ

m
d xk1

d � � � d xkn
q �

m̧

i�1

¸
aPC,j¥�1

κi,aj �
ņ

i�1

¸
aPC,j¥�1

ki,aj ,

and analogously on CM. The pairing on AM (respectively CM) is given by

xM,M1y :� σpMq1M�M1 ,

where we use the symmetry coefficient on AM (respectively CM).
Let us now extend the product ▷. The bilinear product ▷ : AM�1 �Mn for n � �1, 0

is defined by py d xkq ▷ P � y d pxk � BP q. Then, ▷ extends on SpM0q and AM�1 by the
Leibniz rule:

py1 d xkq▷ pxκ
1
d � � � d xκ

m
q �

m̧

j�1
y1 d xκ d � � � d pxk1

▷ xκ
j
q d � � � d xκ

m
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py1 d xk1
q▷ py2 d xk2

q � y1 d pxk1
▷ y2q d xk2

� y1 d y2 d pxk1
▷ xk2

q

As ▷ is defined as a derivation, the aromatic Novikov algebra pAM�1,▷q naturally satisfies
the identities (3.1) and (3.2), and thus is a pre-Lie algebra. More precisely, we show that the
aromatic Novikov algebra AM�1 is equipped with a pre-Lie-Rinehart algebra structure.

Proposition 3.1. The aromatic Novikov algebra AM�1 � SpM0qbM�1 is a pre-Lie-Rinehart
algebra for the product

AM�1 � AM�1 ÝÑ AM�1

py1 d xk1
,y2 d xk2

q ÞÝÑ py1 d xk1
q▷ py2 d xk2

q

and the induced maps:

∇ : AM�1 Ñ HomkpAM�1,AM1q

y1 d xk1
ÞÑ
�
y2 d xk2

ÞÑ py1 d xk1
q▷ py2 d xk2

q
�

ρ : AM�1 Ñ DerkpSpM0q, SpM0qq

y1 d xk1
ÞÑ
�
y2 ÞÑ py1 d xk1

q▷ y2�

where the space DerkpSpM0q, SpM0qq collects all the derivation maps on SpM0q and AM�1 is
a Lie algebra for the Lie bracket rx, ys � x▷ y � y ▷ x.

Proof. Let us check that the map ρ satisfies the Leibniz rule: for y1 d xk1 , y2 d xk2
P AM�1

and y P SpM0q, we have

ry1 d xk1
,y d y2 d xk2

s � py1 d xk1
q▷ py d y2 d xk2

q � py d y2 d xk2
q▷ py1 d xk1

q

� y d y1 d xk1
d Bpy2 d xk2

q � y d y2 d xk2
d Bpy1 d xk1

q

� y1 d xk1
d Bpyq d y2 d xk2

� y d ry1 d xk1
,y2 d xk2

s � ρpy1 d xk1
qpyqy2 d xk2

.

One shows similarly that r�,�s is a Lie bracket. �

Remark 3.2. Following [19], the product ▷ can be seen as a connection on AM�1 with
vanishing torsion and curvature. The multiaromas represent the functions, while the aromatic
Novikov algebra contains the analogues of vector fields.

3.2 The Hopf algebras of aromatic and clumped monomials

Our aim is to extend the LOT Hopf algebra [31, 38] to the aromatic monomials. We recall that
the standard LOT Hopf algebra generated by a set C is HC

LOT �
�
SpNpCqq, �,∆,1, ϵ

��, that
is, the graded dual of the Hopf algebra

�
SpNpCqq, �,∆,1, ϵ

�
, equipped with the Grossman-

Larson product � and the deshuffle coproduct ∆. This structure is analogous to the BCK
Hopf algebra of Butcher trees [15] for multi-indices. We extend here the LOT structure to
the aromatic context.

We provide a definition of the aromatic LOT coproduct using free edges and cuts in Section
4. We will then provide a straightforward explicit formula for the coproduct, that we give
here directly for the sake of simplicity. The proof of this theorem is postponed to Section 4.3.
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Theorem 3.3. The aromatic LOT coproduct ∆aro
LOT : AM�1 Ñ AM b AM�1 is the unique

unital morphism defined by

∆aro
LOT py d xkq � ∆aro

LOT px
κ1q d � � � d ∆aro

LOT px
κmq d ∆aro

LOT px
kq (3.4)

where y � xκ1 d � � � d xκm, the coproduct on aromas M0 and monomials M�1 is

∆aro
LOT px

κq �
¸
t¥0

¸
κ�κ1�����κt�κ

wtpxκi
q��1

κ!
σpxκ1 d � � � d xκtqκ!

xκ
1
d � � � d xκ

t
b B

t
xκ � xκ b 1,

∆aro
LOT px

kq �
¸
r¥0

¸

k�k1�����kr�k
wtpxki

q��1

k!
σpxk1 d � � � d xkrqk!

xk1
d � � � d xkr

b B
r
xk � xk b 1,

and B is explictly given in Proposition 4.4.

Let us consider the projection φ : CM Ñ AM, defined by

φ : py1 d xk1
q � � � � � pyn d xkn

q P CM ÞÝÑ y1 d � � � d yn d xk1
d � � � d xkn

P AM.

Since the multi-aromas alone SpM0q do not appear in CM, the algebra AM does not inject
straightforwardly into CM. Let φ� : AM Ñ CM be the dual of φ for the inner product
x�,�y, that is,

xφpMq,M1y � xM, φ�pM1qy.

The LOT coproduct on aromatic monomials extends straightforwardly as a morphism for � as
∆aro
LOT : CM Ñ AMbCM. Then, the LOT coproduct on clumped monomials is for πcl P CM:

∆cl
LOT � pφ� b 1q � ∆aro

LOT .

The LOT structures on aromatic and clumped monomials yield analogous Hopf structures
to the ones of aromatic forests AF and clumped forests CF . The proof is analogous to the
one on tree structures from [4].
Proposition 3.4. The aromatic multi-indices pAM,d,∆aro

LOT q and the clumped multi-indices
pCM, �,∆cl

LOT q equipped with the LOT coproduct are Hopf algebras.

3.3 Hopf embedding between multi-indices and forests

In this section, we present the main result of this paper, that is, that there exist Hopf embed-
dings jaro and jcl from aromatic/clumped monomials into their trees counterpart.

The Hopf embeddings are based on the fertility map Φ, which is defined as follows.
Definition 3.5. Let the fertility map Φ be given by

Φ : AF Ñ AM
a1 � � � ant ÞÑ Φpa1q d � � � d Φpanq d Φptq

where
Φptq �

¹
vPV ptq

x
dpvq
fpvq�1, Φpajq �

¹
vPV pajq

x
dpvq
fpvq�1,

and dpvq and fpvq are the colour and the fertility of the vertex v. The fertility map Φ is
defined on CF as a morphism:

Φ
�
pa1τ1q � � � panτnq

�
� Φpa1τ1q � � � � � Φpanτnq.
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Theorem 3.6. The fertility map induces a pre-Lie-Rinehart morphism Φ : AT Ñ AM�1.

Proof. By construction, the map Φ : pAT ,ñq Ñ pAM�1,▷q is a pre-Lie algebra morphism.
Then, the map Φ satisfies

Φpra1t1,aa2t2sq � Φpa1t1 ñ aa2t2 � aa2t2 ñ a1t1q

� Φpa1t1q▷ pΦpaqΦpa2t2qq � ΦpaqΦpa2t2q▷ Φpa1t1q

� ΦpaqrΦpa1t1q,Φpa2t2qs � ρpΦpa1t1qqpΦpaqqΦpa2t2qq.

Hence the result. �

Definition 3.7. Let jaro be the dual map to Φ on M0 and M�1, that is,

xΦpaq, xκy � xa, jaropxκqy, xΦptq,xky � xt, jaropxkqy.

We extend jaro : AM Ñ AF as a morphism

jaro
�
xκ

1
d � � � d xκ

m
d xk1

d � � � d xkn�
� jaropxκ

1
q � � � jaropxκ

m
qjaropxk1

q � � � jaropxkn
q.

The analogue jcl : CM Ñ CF on clumped monomials is

jcl
�
py1 d xk1

q � � � � � pyn d xkn
q
�
� jaropy1 d xk1

q � � � jaropyn d xkn
q.

The following formula is deduced straightforwardly from the definition. Note that it does
not extend in general to AM.

Lemma 3.8. The maps jaro satisfies

jaropxκq �
¸

Φpaq�xκ

σpxκq

σpaq
a, jaropxkq �

¸
Φptq�xk

σpxkq

σptq
t. (3.5)

For example, one finds:

jaropx0x�1q � , jaropx2
�1x1q � , jpx2

�1x0x1q � 2 � ,

and for aromas,

jpx2
�1x

2
1x0q � 2 � 4 , jpx2

�1x
2
1q � 4 � 2 .

Definition 3.9. The symmetry factor of aroma forest is the cardinal of its automorphism
group, then for multi-aromas a � pa1qdℓ1d� � �dpanqdℓn, where a1, . . . , an are pairwise distinct
aromas, the symmetry factor can be expressed by its distinct aroma components

σpaq � ℓ1! � � � ℓn!σpa1qℓ1 � � �σpanqℓn ,

here the symmetry factor σpaq is obtained by external symmetry factor σextpaq :� ℓ1! � � � ℓn!
by the internal symmetry factor σintpaq � σpa1qℓ1 � � �σpanqℓn, futhermore for an element
aτ P AF with a � pa1qdℓ1 d � � � d panqℓn and τ � pτ1qdq1 d � � � d pτmqdqm. The external
symmetry factor is σextpaτq � ℓ1! � � � ℓn!q1! � � � qm! and internal symmetry factor σintpaτq �
σpa1qℓ1 � � �σpanqℓnσpτ1qq1 � � �σpτmqqm .
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The maps jaro and jcl are Hopf embeddings from the multi-indices algebras to their tree
counterparts, as shown in the following result, whose proof is postponed to Section 4.

Theorem 3.10. The map jaro (respectively jcl) yields the following Hopf algebroid embedding
(respectively Hopf algebra embedding):

jaro : Haro
LOT �

�
AM, �,∆aro

LOT

�
Ñ Haro

BCK �
�
AF , �,∆aro

BCK

�
,

jcl : Hcl
LOT �

�
CM, �,∆cl

LOT

�
Ñ Hcl

BCK �
�
CF , �,∆cl

BCK

�
.

In addition, the following diagram commutes.

Haro
LOT Haro

BCK

Hcl
LOT Hcl

BCK

jaro

φ� ψ�

jcl

3.4 Aromatic multi-indices for numerical volume-preservation

The design of numerical integrators that preserve volume is strongly linked to the character-
isation of the kernel of the divergence map Kerpdq on aromatic trees AT (see Definition 2.2)
via backward error analysis [20]. The characterisation of Kerpdq is described in [25, 24, 17]
with the so-called aromatic bicomplex. The resulting conditions for volume-preservation are
numerous and challenging, so that one would be interested in a simpler case to find insight
on the form of a volume-preserving aromatic B-series method. For instance, the paper [3]
focuses on polynomial vector fields. One could tackle the problem in dimension one, which
would yield (standard) multi-indices, but numerical volume-preservation becomes a trivial
problem and so does the algebra. We also recall the result from [8] that states that there
is no intermediate algebraic formalism between multi-indices (one dimensional) and Butcher
trees (infinite dimensional). We observe in this subsection that aromatic multi-indices pro-
vide an intermediate between multi-indices and aromatic trees for formulating a simplified
but non-trivial set of necessary conditions for volume-preservation.

Definition 3.11. Let the divergence of multi-indices d : AM�1 Ñ A be given by

d
�
xκ

1
d � � � d xκ

m
d xk� � xκ

1
d � � � d xκ

m
d Bxk �

m̧

i�1
xκ

1
d � � � d pxk ▷ xκ

i
q d � � � d xκ

m
.

The divergence on aromatic trees and aromatic multi-indices relate through the fertility
map, as given by the following result whose proof is very similar to the one of Proposition
4.8.

Lemma 3.12. The divergence and the fertility map commute:

d � Φ � Φ � d.

The search for volume-preserving integrators in dimension one not only is a trivial problem
in numerics, but also fully trivialises the algebraic conditions for volume-preservation, as
explained in the following result.
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Proposition 3.13. Let π : AM�1 ÑM�1 be the projection

π
�
xκ

1
d � � � d xκ

m
d xk� � xκ

1
� � �xκ

m
� xk.

Then, the kernel of the divergence is trivial when rewritten with standard multi-indices:

π � ΦpKerpdqq � 0.

Proof. Following [25], Kerpdq is exactly generated by the elements of the following form (id
est, the exterior derivative of aromatic 2-forms aτ1 ^ τ2),

ω �
�
pτ2 ñ aqτ1 � pτ1 ñ aqτ2

	
� a
�
τ2 ñ τ1 � pdτ1qτ2

	
� a
�
τ1 ñ τ2 � pdτ2qτ1

	
.

The map π � Φ vanishes on each of the three terms in ω. �

The space of aromatic multi-indices brings an intermediate object which is simpler than
aromatic trees and where much of the conditions for volume-preservation are retained. A
weaker formulation of volume preservation then is to find numerical methods whose modified
vector field writes as a formal series indexed by ω P AT (or its completion to be exact)
and such that Φpωq P Kerpdq. We present the first generators of Kerpdq for aromatic trees
and aromatic multi-indices in Table 2 in order to show how richer the structure of aromatic
multi-indices is compared to standard multi-indices. We emphasize that Φ is not injective
on Kerpdq, so that one would indeed obtain less restrictive conditions for volume-preservation
using aromatic multi-indices.

ω P Kerpdq Φpωq

� � � x�1x1 d x�1 � x2
0 d x�1 � x2

�1x1 � x0 d x�1x0

� � 2x�1x0x1 d x�1 � x3
0 d x�1

� � � �2x2
�1x0x1 � x0 d x�1x

2
0

� 2 � x2
�1x2 d x�1 � 2x�1x0x1 d x�1

�2 � � �x2
�1x0x1 � x3

�1x2 � x0 d x2
�1x1

� � x0 d x�1x1 d x�1 � x0 d x2
0 d x�1 � x�1x0x1 d x�1

� � � �x0 d x2
�1x1 � x0 d x0 d x�1x0 � x�1x1 d x�1x0

Table 2: Generators of the kernel of the divergence map in the context of aromatic trees and their
associated aromatic multi-indices for order up to four.

4 Free edges, graftings, cuts, and Hopf embeddings
This section defines the necessary concepts (free edges, graftings,...) and use them for prov-
ing the Hopf embeddings of Theorem 3.3 and the explicit description of the aromatic LOT
coproduct.
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4.1 Free edges and extended maps

Let us extend the aromatic trees and aromatic multi-indices to include free edges and higher
weight.

Definition 4.1. Let A0 and T be the spaces of aromas and trees with free edges given by

A0 �
8à
n�0

A
pnq
0 , T �

8à
n

T pnq,

where Apnq0 and T pnq are the spaces of aromas with n free edges and space of rooted trees with
n free edges. Then we define the space of aromatic trees with free edges by

AT � SpA0q b T .

The weight is extended as the total number of the edges minus the number of vertices for
tree-like structures. Analogously, let the aromatic multi-indices with higher weight,

M�1 �
8à
n�0

M
pnq
�1 , M0 �

8à
n�0

M
pnq
0 ,

where M pnq
p � Mn�p is the space of weight n � p with respect to the original space Mp and

p � 0, 1. Furthermore, we define the aromatic Novikov algebra with higher weight:

AM�1 � SpM0q bM�1.

Example 4.2. The monomials x3
0x2 P M0 and x3

0x2 P M�1 respectively correspond to the
following aroma and tree with free edges:

, .

We emphasize that the monomials are enforced to be different as they belong to two different
spaces.

As B : Mn ÑMn�1, the derivation induces naturally the maps

B : M0 ÑM0, B : M�1 ÑM�1.

The derivation B is extended on AM�1 as a derivation:

Bpxκ
1
d � � � d xκ

m
d xkq �

m̧

j�1
xκ

1
d � � � d Bxκ

j
d � � � d xκ

m
d xk � xκ

1
d � � � d xκ

m
d Bxk.

Analogously to (3.3), let the transpose derivation on Mn:

Bxk �
¸

j¥0,aPC
kaj x

k�ea
j�ea

j�1 .

While B increases the weight, B decreases it. We extend B to M0, M�1, and AM�1 as before.
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Proposition 4.3. The transpose derivation B is the transpose of the derivation B, that is, for
P,Q PM0 or P,Q PM�1,

xBP,Qy � xP, BQy.

Proof. We already have the result on M�1 from [38]. Then, for xµ, xν PM0, we have

xBxµ, xνy �
¸

t¥0,aPC
µai xx

µ�ea
t�e

a
t�1 , xνy

�
¸

t¥0,aPC
µai ν!1pµ�ea

t�e
a
t�1�νq

�
¸

t¥0,aPC
pν � eat q!1pµ�ea

t�e
a
t�1�νq

.

On the other hand, we find

xxµ, Bxνy �
¸

t¥1,aPC
νat xx

µ, xν�e
a
t�e

a
t�1y

�
¸

t¥1,aPC
νat pν � eat � eat�1q!1pν�ea

t�e
a
t�1�µq

�
¸

t¥1,aPC
pν � eat�1q!1pν�ea

t�e
a
t�1�µq

.

Hence the result. �

An explicit expression for the iterated transpose derivation is given by the following result.

Proposition 4.4. For any multi-indices κ,k, denote their corresponding left-shifted multi-
indices by Ð

κ,
Ð
k with coordinates

Ð
κat :� κat�1. For any integer r ¥ 0, the following formula

holds

B
r
py d xkq �

¸
|ℓ1|�����|ℓn|�|ℓ|�r

Cκ1,ℓ1 � � �Cκn,ℓnCk,ℓx
κ1�ℓ1�

Ð

ℓ1 d � � � d xκ
n�ℓn�

Ð

ℓn d xk�ℓ�
Ð

ℓ ,

where y � xκ1 d � � � d xκn and the coefficient Cκi,ℓi , Ck,ℓ are given by Cκi,0 � Ck,0 � 0 for
1 ¤ i ¤ n and the recursive formula below:

Ck,ℓ �
¸

t¥�1,aPC,ℓt¥1
Ck,ℓ�ea

t
pkat � ℓt � 1 � ℓat�1q

Cκi,ℓi �
¸

t1¥0,aPC,ℓi
t1
¥1

Cκi,ℓi�ea
t1
pκi,at1 � ℓit1 � 1 � ℓi,at1�1q

Proof. The definition of B immediately yields

Ck,ea
t
� kat , Cκi,ea

t1
� κi,at1 .

We therefore obtain

B
r�1

py d xkq � B
¸

|ℓ11 |�����|ℓn1 |�|ℓ1|�r

Cκ1,ℓ11 � � �Cκn,ℓn1Ck,ℓx
κ1�ℓ1

1
�

Ð

ℓ1
1

d � � � d xκ
n�ℓn

1
�

Ð

ℓn
1

d xk�ℓ�
Ð

ℓ
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�
¸

|ℓ11 |�����|ℓn1 |�|ℓ1|�r

¸
ℓi1�ea

t1
�ℓi

Cκ1,ℓ11x
κ1�ℓ1�

Ð

ℓ1 d � � � d Cκi,ℓi1 pκ
a
t1 � ℓi,at1�1 � ℓi

1,a
t1 q

d xκ
i�

Ð

pℓi
1
�ea

t1
q�pℓi

1
�ea

t1
q d � � � d Cκn,ℓnx

κn�ℓn�
Ð

ℓn d xk�ℓ�
Ð

ℓ

�
¸

|ℓ11 |�����|ℓn1 |�|ℓ1|�r

¸
ℓ1�ea

t�ℓ

Cκ1,ℓ1 � � �Cκn,ℓnx
κ1�ℓ1�

Ð

ℓ1 d � � � d xκ
n�ℓn�

Ð

ℓn

d Ck,ℓ1pk
a
t � ℓat�1 � ℓ

1a
t qx

k�
Ð

pℓ1�ea
t q�pℓ

1�ea
t q

�
¸

|ℓ1|�����|ℓn|�|ℓ|�r�1

¸
pℓi1 ,t1,aq,ℓi1�ea

t1
�ℓi

Cκ1,ℓ1x
κ1�

Ð

ℓ1 �ℓ1 d � � � d Cκi,ℓi�ea
t1
pκat1 � ℓat1�1 � ℓat1 � 1q

d xκ
i�

Ð

ℓi �ℓi d � � � d Cκn,ℓnx
κn�

Ð

ℓn �ℓn d Ck,ℓx
k�

Ð

ℓ �ℓ

�
¸

|ℓ1|�����|ℓn|�|ℓ|�r�1

¸
pℓ1,t,aq,ℓ1�ea

t�ℓ

Cκ1,ℓ1 � � �Cκn,ℓnx
κ1�ℓ1�

Ð

ℓ1 d � � � d xκ
n�ℓn�

Ð

ℓn

d Ck,ℓ�ea
t
pkat � ℓat�1 � ℓat � 1qxk�

Ð

ℓ �ℓ

Hence the result. �

The following result is a universal combinatorial property applied in our context of multi-
indices and tree-like structures.

Proposition 4.5. Let M � M1 � � � � �Mr P CM and F P CF such that ΦpFq � M. Let B be
the set of r-tuples of aromatic trees given by

B :� tpτ1, � � � , τrq, τ1 � � � τr � F and ΦpMjq � τj for any j � 1, � � � , ru.

Then, one finds

|B| � σextpMq

σextpFq
.

Proof. The external automorphism group of M acts transitively on B. The stabiliser of the
r-tuple pt1, � � � , trq is the external automorphism group of the forest F . One concludes by the
orbit-stabiliser theorem. �

Let δ : CF Ñ CF be given by

δpaτq �
¸

vPV paτq

δvpaτq,

where δv adds a free edge to vertex v. Analogously, let δ be

δpaτq �
¸

vPV paτq

δvpaτq.

where δv removes a free edge at vertex v, and returns zero if v has no free edge.
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Definition 4.6. Let Φ be the extension of the fertility map Φ on AF defined as

Φ : AF Ñ AM
a1 � � � an t ÞÑ Φpa1q d � � � d Φpanq d Φptq

where

Φptq �
¹

vPV ptq

x
dpvq
fpvq�1, Φpajq �

¹
vPV pajq

x
dpvq
fpvq�1.

Analogously, formula (3.5) allows to extend the map jaro into

jaro : AM Ñ AF ,

where the pairing is extended naturally to AF , where the symmetry factor of aromatic forest
with free edges is the symmetry factor of the corresponding C � N0 decorated aromatic forest.

Example 4.7. One finds

jaropx3
1q � 6 � 6 � 6 , jaropx3

0x2q � 3 � 6 � 6 ,

Φp q � x3
1, Φp q � x0x

3
1, Φp q � x3

0x2, Φp q � x2x1x0.

Proposition 4.8. The map δ is the transpose of δ, that is, for τ1, τ2 P A0 or τ1, τ2 P T ,

xδτ1, τ2y � xτ1, δτ2y.

Moreover, B and δ satisfy the following identity on A0 and T :

Φ � δ � B � Φ.

Proof. Choosing a vertex v (resp. w) in an aroma a (resp. b), and considering the sets

P :� tv P V paq, δvpaq � bu, Q :� tw P V pbq, δwpbq � au,

we find by the orbit-stabiliser theorem

P � Autpaq{Autvpaq, Q � Autpbq{Autwpbq.

where v (resp. w) is any choice of element in P (resp. Q), and where Autvpaq is the stabiliser
of v in Autpaq (and similarly for Q). If two trees a and b are such that b � δvpaq for some
v P V paq, then both sets of vertices V paq and V pbq can be naturally identified. In that case,
from the natural isomorphism Autvpaq � Autvpbq, we obtain

σpbq|P | � σpaq|Q|.

We therefore have

xδa, by � |P |σpbq

� |Q|σpaq

� xa, δby.

which proves the first assertion on A0. The proof is similar on T . �
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The transpose of the fertility identity in Proposition 4.8 yields the following.

Corollary 4.9. The following identity holds on M0 and M�1:

δ � jaro � jaro � B.

Proposition 4.10. let aτ be an aroma tree with r free edges. Let rv be the number of the
free edges at the vertex v of aτ . Then we have

δ
r
paτq �

r!±
vPVpaτq rv!

a0τ0,

where a0τ0 is the aromatic tree with all free edges removed. For aromas only, one finds

δ
r
paq �

r!±
vPVpaq rv!

a0.

Proof. We have
δ
r
paτq �

¸
pv1,...,vrqPVpaτqr

δv1 � � � � � δvrpaτq.

A term in the right-hand side is equal to a0 if and only if each vertex v P Vpaτq appears
exactly rv times in the tuple pv1, . . . , vrq, otherwise the term is equal to zero. The number of
such r-tuples is equal to the multi-monomial coefficient above. �

For any admissible cut c of an aromatic tree aτ P AT , let Rcpaτq be the associated full
trunk, which is given by the trunk Rcpaτq together with each cut edges replaced by a free
edge. The weight of the full trunk is equal to the number of edges belonging to the cut. In
view of Proposition 4.10, we have

δ
r�
R
c
paτq

�
� }a τ}Rcpaτq, }a τ} :� r!±

vPVpa τq rv!
, (4.1)

where a τ is the shorthand for Rcpaτq.

4.2 Combinatorics of the graftings and cuts

Definition 4.11. Let r be a positive integer, let A be an aromatic forest with r connected
components without free edges, and let a be an aromatic tree with r free edges. A grafting of
A on a consists in a a given way to attach the r roots in A to the r free edges in a, removing
the free edges in the operation. The set of all possible graftings of A on a is denoted GpA, aq
and satisfies

|GpA, aq| � }a}. (4.2)

For a vertex v P Vpaq and a grafting b P GpA, aq, we denote by Fbpvq the subforest of A
attached to v via b.

Examples of admissible cuts are presented below. It should be noted that an admissible
cut for aroma cannot cut loops:

, , , .
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The associated main component with free edges are

, , , .

For the choices of admissible cuts and graftings on rooted part, we have the following
result, adapted from [38] for aromas.

Proposition 4.12. Let r be a positive integer, let A and a as in Definition 4.11 and let at be
an aromatic tree without free edges. Let Gpa,A, aq be the set of graftings of A on a resulting in
the tree a. Let Cpa,A, aq be the set of admissible cuts of a such that P cpaq � A and Rcpaq � a.
Then, one has

|Cpa,A, aq| � σpaq

σpAqσpaq
|Gpa,A, aq|.

Proof. The group Aut a acts transitively on Cpa,A, aq. The stabiliser of a cut c will be denoted
by Autc aτ and its cardinal by σcpaq. On the other hand, the group Aut a � AutA acts
transitively on Gpa,A, aq. To see this, consider two graftings b, b1 P Gpa,A, aq: there exists a
permutation α of Vpaq such that Fbpxq and Fb1

�
αpxq

�
are isomorphic, and the permutation α

necessarily comes from an automorphism of the tree a. The stabiliser of b is Autb a�AutbA,
where Autb a is the subgroup of those α P Aut a such that Fb

�
αpxq

�
and Fbpxq are isomorphic

for any vertex x of a, and where AutbA �
±
xPVpaq Autbpxq is the subgroup AutA which

respects the subforests Fbpxq. By the orbit-stabiliser theorem, we therefore have

|Cpa,A, aq|
|Gpa,A, aq|

�
σpaq

|Autcpaq|
|Autbpaq|.|AutbpAq|

σpAqσpaq

We conclude by noticing the natural isomorphism Autcpaq � Autbpaq � AutbpAq. �

4.3 The aromatic LOT coproduct

Let us provide an alternative definition of the aromatic LOT coproduct and show that is it
equivalent to the one given in Theorem 3.3.

Definition 4.13. An admissible cut c of a monomial xκ P M0 is a tuple of the form
pk1, . . . ,kr, κq that satisfies

κ � k1 � � � � � kr � κ, wtpxkj
q � �1.

Analogously, an admissible cut c of a monomial xk PM�1 is a tuple of the form pk1, . . . ,kr,kq
that satisfies

k � k1 � � � � � kr � k, wtpxkj
q � �1.

We associate to an admissible cut on M0 the following maps (and analogously on M�1),

P cpxκq � xk1
d � � � d xkr

, Rcpxκq � B
r
xκ.

The LOT coproduct is given on M0 and M�1 by

∆aro
LOT px

κq � xκ b 1 �
¸

cPAdmpxκq

P cpxκq bRcpxκq, ∆aro
LOT px

kq �
¸

cPAdmpxkq

P cpxkq bRcpxkq.

Then, ∆aro
LOT : AM�1 Ñ AM b AM�1 is defined by (3.4).
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Example 4.14. One finds for the monomial x2
�1x

2
1 that

∆aro
LOT px

2
�1x

2
1q �x

2
�1x

2
1 b 1 � 1 b x2

�1x
2
1 � 2x�1 b Bpx�1x

2
1q � 2x2

�1x1 b Bx1

� x�1 � x�1 b B
2
px2

1q

�x2
�1x

2
1 b 1 � 1 b x2

�1x
2
1 � 4x�1 b x�1x0x1 � 2x2

�1x1 b x0

� 2x�1 � x�1 b x�1x1 � 2x�1 � x�1 b x2
0

Let us denote by |c| the set of admissible cuts c1 such that P cpxκ d xkq � P c1pxκ d xkq
(and therefore Rcpxκ d xkq � Rc1pxκ d xkq), and by }c} the cardinal of this class. We have

}c} �
κ!

κ!σpxκ1 d � � � d xκrq
�

k!
k!σpxk1 d � � � d xktq

�
κ!

κκ1! � � �κr!σextpxκ1 d � � � d xκrq
�

k!
kk1! � � �kt!σextpxk1 d � � � d xktq

whenever P cpxκdxkq � xκ
1
d� � �dxκ

r
dxk1

d� � �dxkt , where σext is the external symmetry
factor. In analogy with trees, the full trunk is defined by

R
c
pxκ d xkq :� xκ d xk.

Definition 4.15. Let c be an admissible cut of the monomial xκ d xk, and let c be an
admissible cut of aroma tree at. We say that c matches c and write c � c whenever

• xκ d xk � ΦpaqΦpτq,

• P cpxκ d xkq � Φ
�
P cpaτq

�

An admissible cut c matches c if and only if it matches any element c1 P |c|.

Note that the second condition implies Rc
pxκ d xkq � Φ

�
R
c
paτq

�
. Therefore, we have

P cpxκ d xkq � ΦpP cpaτqq � ΦpP cpaqqΦpP cpτqq � P cpxκq d P cpxkq, and analogously for
R

c
pxκ d xkq. Then, Theorem 3.3 is a straightforward consequence of the following lemma.

Lemma 4.16. For any monomial xκd xk in Haro
LOT and for any admissible cut c of xκd xk,

the following holds:

}c}pjbjq
�
P cpxκdxkqbRcpxκdxkq

�
�

¸
aτ,Φpaτq�xκdxk

¸
cPAdmpaτq,c�c

σpxκ d xkq

σpaτq
P cpaτqbRcpaτq.

(4.3)

Proof. Fix an admissible cut c of the monomial xκ. Denoting the left-hand side and the
right-hand side of (4.3) by L and R respectively. A computation yields

L �
κ!

κ1! � � �κr!κ!σextpxκ1 d � � � d xκrq
jpxκ

1
q � � � jpxκ

r
q b j � B

r
pxκq

� pIdbδrq
� κ!
κ1! � � �κr!κ!σextpxκ1 d � � � d xκrq

jpxκ
1
q � � � jpxκ

r
q b jpxκq

	

pfrom Corollary 4.9q
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�
κ!

κ1! � � �κr!κ!σextpxκ1 d � � � d xκrq
pIdbδrq

�
����

¸
pajq1,...,r,

Φpajq�xκj

¸
a,Φpaq�xκ

κ1!
σpa1q

� � �
κr!
σparq

κ

σpaq

�
���


� κ!pIdbδrq

�
� ¸

A,ΦpAq�xκ1d���dxκr

¸
a,Φpaq�xκ

1
σpAqσpaq

Ab a

�

.

From equations (4.1) and (4.2) and Proposition 4.12, we obtain

L � κ!
¸

A,ΦpAq�xκ1d���dxκr

¸
a,Φpaq�xκ

}a}
1

σpAqσpaq
Ab a0

� κ!
¸

A,ΦpAq�xκ1d���dxκr

¸
a,Φpaq�xκ

|GpA, aq|
σpAqσpaq

Ab a0

� κ!
¸

a,Φpaq�xκ

¸

A,ΦpAq�xκ1d���dxκr

¸
a,Φpaq�xκ

|Gpa,A, aq|
σpAqσpaq

Ab a0

� κ!
¸

a,Φpaq�xκ

¸

A,ΦpAq�xκ1d���dxκr

¸
a,Φpaq�xκ

|Cpa,A, aq|
σpaq

Ab a0

�
¸

a,Φpaq�xκ

κ!
σpaq

¸
cPAdmpaq,c�c

P cpaq bRcpaq

� R.

We obtain the expression of ∆aro
LOT on M0 and M�1. Then, as the coproduct ∆aro

LOT is a
morphism for d, we have

pj b jq
�
∆aro
LOT px

κ d xkq
�
� pj b jq

�
∆aro
LOT px

κq d ∆aro
LOT px

kq
�

� ∆aro
LOT

�
jpxκq

�
d ∆aro

LOT

�
jpxkq

�
.

This yields the identity (4.3). �

Let us now study the links between jcl and jaro to prove Theorem 3.10.

Lemma 4.17. The maps jcl and jaro satisfy the identity

jcl � φ� � ψ� � jaro.

Proof. We choose any element ydz � xκ
1
d� � �dxκ

m
dxk1

d� � �dxkn
P Haro

LOT , it can also be
written as yd z � y1 d � � � dyndxk1

d � � � dxkn , here we should note that y � y1 d � � � dyn
and yi, 1 ¤ i ¤ n which satisfies Φpriq � yi, where we write multi-aromas by ri and aromas
by ri. Then, a computation yields

ψ� � jaropy d zq � ψ� � jaropxκ
1
d � � � d xκ

m
d xk1

d � � � d xkn
q

� ψ�
�
p

¸

Φpxκ1 q�r1

σpxκ
1
q

σpr1q
r1q � � � p

¸
Φpxκm q�rm

σpxκ
m
q

σprmq
rmq
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� p
¸

Φpτ1q�xk1

σpxk1
q

σpτ1q
τ1q � � � p

¸
Φpτ1q�xkn

σpxkn
q

σpτnq
τnq
�

� ψ�
� ¸

priq1,...,m,pτ
jq1,...,n

Φpriq�xκi
,Φpτjq�xkj

σpxκ
1
q

σpr1q
r1 � � �

σpxκ
m
q

σprmq
rm �

σpxk1
q

σpτ1q
τ1 � � �

σpxkn
q

σpτnq
τn
�

� ψ�
� ¸
priq1,...,n,pτ

jq1,...,n

Φpriq�yi,Φpτjq�xkj

σextpy1qσintpy1q

σextpr1qσintpr1q
r1 � � �

σextpynqσintpynq
σextprnqσintprnq rn � σpx

k1
q

σpτ1q
τ1 � � �

σpxkn
q

σpτnq
τn
�

�
¸

priq1,...,n

Φpr1q���Φprnq�y1d���dyn

¸
priq1,...,n,pτ

jq1,...,n

Φpriτjq�yidxkj

p
σpy1 d xk1

q

σpr1τ1q
r1τ1q � � � p

σpyn d xkn
q

σprnτnq rnτnq

�
¸

priq1,...,n,pτ
jq1,...,n

Φpriτjq�yidxkj

¸
priq1,...,n

Φpr1q���Φprnq�y1d���dyn

p
σpy1 d xk1

q

σpr1τ1q
r1τ1q � � � p

σpyn d xkn
q

σprnτnq rnτnq

� jcl
� ¸

priq1,...,n

Φpr1q���Φprnq�y1d���dyn

py1 d xk1
q � � � � � pyn d xkn

q
�

� jcl � φ�py1 d � � � d yn d xk1
d � � � d xkn

q

� jcl � φ�py d zq

Hence the result. �

Proof of the embeddings of Theorem 3.10. By applying Lemma 4.16 and summing over all
classes |c| of admissible cuts c of the monomial xκdxk, the coproduct ∆aro

LOT verifies on AM:

pjaro b jaroq � ∆aro
LOT � ∆aro

BCK � jaro.

This implies that on AM�1, we have

pjcl b jclq � ∆cl
LOT � pjcl b jclq � pφ� b 1q � ∆aro

LOT

� pψ� b 1q � pjaro b jclq � ∆aro
LOT

� pψ� b 1q � pjaro b jaroq � ∆aro
LOT

� pψ� b 1q � ∆aro
BCK � jaro

� ∆cl
BCK � jcl

where we used that jaro and jcl coincide on AM�1 and Lemma 4.17. �
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